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1 Variables and data

VARIABLES REPRESENT THE POINT OF MEASUREMENT; DATA ARE MEASURED
VALUES (or VECTORS OF VALUES).

1.1 Data file

EXAMPLE

We measure intensity of traffic flow at o specified point of roadway. The measurements
are repeated every 10 seconds so the result of measuring is a sequence of real values.
The entries of the sequence are denoted by xy, t = 1,2,--- N, where integers t repre-
sent discrete time of measurements (it denotes a period in which the variable has been
measured).

Data file D is a file of measured values of the studied variable

N
D= {xt}tzl - {xlvx% T axN}
where N is a number of measurements
EXAMPLES

The mostly used variables in transportation are “intensity of traffic flow”, “density of
traffic flow” (or “occupancy”), “speed of cars” or “speed of traffic flow”, “lengths of queues
in crossroads arms”, “type of traffic accident”, “number of cars taking part in an accident”
etc.

From the previous example we can recognize two different types of data. The first five
variables have entries as real values - they are called continuous variables, the values
of the rest of them have entries as integers - they are called discrete ones.

Data can be stored and used basically in two forms
e as plain data z;,

e values X; and frequencies n;.

EXAMPLE

Plain data: * ={4,2,3,2,2,3,3,2,4,3,3}

can be saved as - ‘ j i Z values X and frequencies n. This latter form
7

of data can be used not only for storing but also directly for computing - see later the
characteristics.

Sometimes, instead of data we use their ranks

data x; ordered data ranks r;
5,2,8,3,6 2,3,5,6,8 3,1,524

because 5 has the order 3 in the ordered data file, etc.



1.1.1 Characteristics of data file

e average
1 & 1
T = NZ% = NzniXi => Xif;
i=1 X X
—n

where f; = § are relative frequencies

EXAMPLE: For xz =[1,2,1,1,2,2,1,1] the average is the sum of entries divided

by their number; it is %. There are values 1 which repeats 5 times and 2 with

repetition 3. Relative frequencies are % for 1 and % for 2. Thus the average is
1 x % + 2 x % = % which is the same result.

e variance, standard deviation

N

RIS s i S{e
X

i=1
EXAMPLE: For x = [2,3,1,4] the average is 2.5 and the variance

(2-25)2 4+ (3—25)%+(1-25)7%+ (4 — 2.5)2} /4 =1.25

e quantile, critical value (., z,
it is a border separating « - 100% of the smallest values (quantile)
or greatest values (critical values) of a data file.

EXAMPLE: For dataset x = [5,2,4,8,2,4,1,3,6,5] find quantile and critical
value with « = 0.1 (i.e. 10%).
First order the values of x

ord(z) = [1,2,2,3,4,4,5,5,6,8].

As the number of data is 10 and we want to separate 10% of the smallest, the
border lies between 1 and 2. The border is the average, i.e. it is {1 = 1.5.For 10%
of the greatest, the border lies between 6 and 8 and it is z91 = 7.
e median x5 is the &5, i.e. 50% quantile.
EXAMPLE: For the above dataset, the median is Tg5 = % = 4.
¢ mode 7 is the value of dataset which has the higher frequency of repetition.

EXAMPLE: The above dataset has three modes: 2, 4 and 5.

1.1.2 Graphs

e time graph: plots values of x in a discrete time of measurements: 1,2,3,---

e scatter graph (zy-graph): plots values of y against values of z (used mainly in
regression)



e bar graph: the values of z in time are plotted as columns.

e histogram: is similar to the bar graph but it does not plot values of x it plots
frequencies of individual values Xj.

2 Regression analysis

EXAMINES THE CAUSAL RELATIONSHIP BETWEEN VARIABLES:
INDEPENDENT — DEPENDENT.

2.1 Linear regression

Describes linear dependence of explained variable y on explanatory variable z. In a
geometrical view, we have a set of points with coordinates [x;,v;], i = 1,2,--- , N and
we approximate these points by a regression line. The approximation is to be optimal
- the vertical distance of the regression line to individual points must be minimal. The
situation is sketched in the figure

vi | Yi e

Here, one point with subscript ¢ is described. This point has coordinates [z;,y;]. The
corresponding point (the same x coordinate) lying on the line is denoted ¢; and is called
prediction. The distance between y; and 7; denoted by e; is residuum. The line with
the equation

y =bix+ by

has the position so that the sum of squares of all residua is minimal

(2

N N
(yi — ) = Z e — min (1)
- =1



2.1.1 Derivation for by =0

The derivation for the practical case - when it goes through origin - is very simple. Each
point is described by its prediction (lies on the line) plus residuum e;

yi = bix; + €

As the line goes though the origin, the coefficient by is zero. From it we have e; = y; —b1x;.
We substitute into the criterion (1)

N N N
Zef = Z (yi — bia;)? = Z [y — 2byyiz; + biz?] =
i=1 i=1 i=1
N N N
=S Yy + B> a? =S, — 20,5, + b3S,
i=1 i=1 i=1
Derivative:
from which )
by = Sxy
S/

2.1.2 General solution

In a general case, when by # 0 is

Compute averages and second central moments

N N
T = Zl'iv Yy = Z Yi
i=1 i=1
N N N
2 2 _
Sa:x:Z(xz_x) s Syy:Z(yz_y) y S:cy:Z(xi_x)(yi_y)
i=1 i=1 i=1
and then we have:
— regression coefficients
Sy
by =%, bo=9y—bi
Sxm
— correlation coefficient
Sy
T =
SzaSyy

Coeflicients b; and r give evidence about the quality of the regression.

Show it.



2.1.3 Multivariate regression
Let the model equation is

Yi = boi 4+ b171 +baxo; + -+ bpTp + €

/
where we denote z; = [z1, 22, -+, Zy]; -

The collected data are y = [y1,y2, -+ ,yn] and = = [x129,- -+ ,zN] Where z; are column
vectors. We construct matrices

Y=9¢, X= [1,3:’}

which is
Y1 I 211 za1 - Tm
v | ¥ | d x=— I 12 @2 -+ Zn2
YN I xiN xaN -+ ZaN
REMARK
When we denote b = [bo, by, - - ,bn]/ we can write the matriz equation for all measured
data
Y=Xb+F
where E 1s a vector of residuals.
The general solution has the form
b= (X'X)' XY
Prediction for all data is
7=Xb
and residual estimates are
éi = Yi — Ui-

Variance of residuals is the estimate of model noise variance.

2.2 Nonlinear regression
2.2.1 Polynomial regression
Equation

Yi = bo + bim; + box} + -+ + bpal + e

Estimation - via vector algorithm where in the rows in the matrix X are vectors

[1,.731‘71'22,"' 71.?] .



2.2.2 Exponential regression

Equation
y; = exp{bo + biz; +e;}

By taking logarithm we obtain
In {yz} =by+ biz; + e;

and the estimation is performed with § = In{y} and =z.

3 Probability and random variable

PROBABILITY EXPRESSES SIGNIFICANCE OF RESULTS OF RANDOM EXPERI-
MENT.

RANDOM VARIABLE DESCRIBES RANDOM EXPERIMENT WITH NUMERIC RE-
SULTS.

3.1 Probability

Probability is introduced through several basic notions.

Random experiment - is a trial with correctly defined set of possible results, that
occur accidentally (not a chaos - there are some rules how frequently individual results
occur)

EXAMPLE: Tossing a dice with the result 1,2,3,4,5 or 6.
Result - defined outcome of the experiment.
EXAMPLE: The number that fell during the dice roll.
Event - set of results.
EXAMPLE: FE.g. the set {2,4,6} represents the event “the even number will fall”.

Probability - a function that assigns to each event a real number. The following axioms
must be fulfilled:

e the number must be nonnegative (probability cannot be negative),

e the maximum number is one (if something is sure, it as probability 1 - we say it is
100 percent)

e the function is additive: L.e. for arbitrary two events Fq and Es whose product is
empty set E1NEy = (), it holds P (Ey U Ey) = P (E1)+ P (Es), i.e. the probability
of their union is equal to the sum of their individual probabilities.

REMARK

Probability can be viewed as an area of a set. For two disjoint sets it holds that the
area of their union is equal to the sum of their areas. For two sets with nonempty
product this is not truel!



REMARK: We say that an event “has occurred” if the result we obtain is an element
of this event (as a set of results). An event odd number occurred if the result was, say,
3 (or 1 orb).

3.1.1 Definitions of probability

Up to now, we have only delimited the notion of probability. We have not discussed its
value. This is defined through the following two definitions - classical and statistical.

Classical definition of probability is given by the following formula

m
pP=—
n

where m is a number of ways how to obtain a positive result and n is a number of all

ways how to obtain any result.

EXAMPLE: With the dice and the event E --- “odd number” the positive results are
{1,3,5} and all possible results are {1,2,3,4,5,6}. So m =3, n =6 and the probability
P=23=05.

6

REMARK

Notice, that the classical definition concerns possibilities, not experiments and their re-
sults.

Statistical definition of probability is given by a similar formula

M
P=—
N
but here M is a number of experiments with positive result and N is a number of all

experiments performed.

EXAMPLE: For determining the probability of the result “odd number” we perform
N = 100 experiments and M = 53 out of them was positive (we obtained either 1 or 3

or 5). The statistical probability is P = % = 0.53.

REMARK
Here, instead of analyzing possibilities we just perform experiments.
Comments to the definitions

e The classical definition gives a fixed value of probability while that according to
the statistical one will vary for each serial of N experiments.

e Evidently, for N — oo the value of probability according to the statistical definition
will converge to that of the classical one.

e [t is easy to use the statistical definition - we perform experiments and count those
with positive result. On the other hand, the classical definition needs a throughout
analysis of the experiment performed. It is possible only for the simplest experi-
ments like throwing a dice. In practice, the experiments are complex and the “true”

10



clagsical probability is estimated using the statistical one. This is the subject of
the whole inference statistic.

Consequence

It holds: If some event has probability p, then we can expect that in N experiments it
occurs pN -times.

EXAMPLE

What is the probability that the randomly drawn card from a set of marriage cards will
be an ace?

The total number of cards is 32. There are 4 aces. So the probability is

4 1
p—_ _ =
32 8
3.2 Conditional probability
The definition of conditional probability is
P (E1|Es) = P(Ey, Bp)
P (Es)

where P (F1, E9) is the probability of intersection Ej N Es.

From this definition we can get so called chain rule

P (Ey, Ey) = P(E1|Es) P (E3)

EXAMPLE: For the experiment of throwing a dice we take Ey = {2,4,6} --- “even
number” and Eo = {1,2,3} --- “less than 4”. Then E1NEy = {2,4,6}N{1,2,3} = {2}.
P({2}) = § P(E) = P({1,2,3) = 5. P(B\|E2) = §/5 = 5.

REMARK

The result can be logically verified. The condition is {1,2,3}, i.e. nothing else could
appear. From it, only the result 2 meets the event E1. So, one positive and three possible
results gives probability %

EXAMPLE

We have a box with 3 white and 5 black balls. We randomly draw one ball, and without
returning it we draw the second one. What is the probability that the second will be white
if we know that the first one was black?

For the second draw one black is missing. So we have 3 white and 4 black. The probability
of white then will be

pP==:
7

REMARK

11



What will be the situation if we would return the first ball before drawing the second one?

Here we draw constantly form 8 white and 5 black. The condition has no effect.

3.3 Random variable

We have spoken about the notion of experiment and its results. Further on we will need
to use operation like averaging. If the results are non numerical, e.g. the colors at the
signal light, we are in a trouble - what is average color? That is why we introduce the
notion of random variable. It is equivalent to the random experiment with its results
always numerical. If they are numbers it is OK. If they are not numerical, we simply
assign them numbers.

EXAMPLE: The signs on signal lights (red, yellow and green) can be denoted e.g. by
numbers 1,2 and 3.

The following definition is sufficient for us:

Random variable is a variable whose values occur randomly - similarly as the results
of random experiment. We can imagine that it is a standard variable whose values are
affected by some noise.

Generally, we have two types of random variables:
Discrete random variable - it has a finite number of values (mostly integers).

EXAMPLE: Flipping a coin, throwing a dice, drawing colored balls from an urn eic.
are discrete random variables.

Continuous random variable - which has uncountable many possible real values (inter-
vals).

EXAMPLE: Speed of a passing car, waiting time for bus etc. They are examples of
continuous random variables.

3.4 Random vector

is a vector of random variables

X:[X17X27"' 7Xn}

REMARK
The contribution of introducing random vector is twofold:

1. The random wvariables involved in the vector are treated together - e.g. they are
measured in one object under investigation (traffic intensities in four arms of a
crossroads).

2. New characteristics can be iniroduced - association between variables. We can
investigate if the variables are mutually influenced. The tool for evaluation this
dependency is covariance (will be introduced later).

12



4 Description of random variable and vector

DETERMINES THE FULL DESCRIPTION (DISTRIBUTION FUNCTION, PROBABIL-
ITY FUNCTION OR DENSITY FUNCTION) AND INCOMPLETE DESCRIPTION (CHAR—
ACTERISTICS) OF A RANDOM VARIABLE.

4.1 Distribution function of random variable

A general description of random variable (both discrete and continuous) is distribution
function, defined through probability as follows

Fy (z) = P(X <)
where X is a random variable, x is a realization (number).
REMARK

The description of random variable cannot concern its values which are generated with
some degree of randommness. It specifies only a probability that the value occurs in a given
interval. Here, the intervals are (—oo, x).

The following two pictures show examples of distribution functions for both the cases.

F(x) F(I
1
1] o
O—
N x 1 2 3 4 x
Continuous distribution function Discrete distribution function

4.2 Distribution function of random vector

For two random variables X, Y we define joint distribution function by the formula

FX,Y($>y):P XSZU 5 ng
~—
and
The probability evaluates all values of random variable X that are less or equal to the
number z and all values of Y that are Y < y. The area of all such points [z,y] is
depicted in the picture

13
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4.3 Probability and density functions

Distribution function provides a thorough description of random variable and moreover
it is common to both types of random variable. However, for further work another
description of random variable, based on the distribution function, is more convenient.
It is probability function and density function. These functions must be defined for
discrete and continuous case, separately.

4.3.1 Probability function

For a discrete random variable, we can introduce the description directly as a discrete
function with the function values given by probabilities of the values of random variable
X ==z

Probability function is defined by the following formula

fx(@)=P(X=12), z€X
Here X is random variable and z is a number (value of X).

Each probability function must have nonnegative values and their sum must be equal
to one.

EXAMPLE: For the random variable defined by the experiment throwing a dice, the
probability function is defined at x € {1,2,3,4,5,6} and its values are all the same and
equal to % (the probability of each side of the dice).

A general form of probability function in a graph is in the following picture

14



1 2 3 T

The definition of probability function can be given by formula - e.g
fx)=p*(1—p)", forz=0,1

where p € (0,1) is a probability'.
The most frequently used form of definition of probability function is through a table.
For the previous case the tale will be
z | 0 1
flx)|1-p p

4.3.2 Characteristics of discrete random variable

In difference to the probability function that gives a full stochastic description of random
variable, the characteristics give only partial but very simple information. They speak
either about a level or the variability of the values of the random variable.

e expectation

E[X] =) oif (z)
X

e variance, standard deviation

D[X]=> (x:— E[X])* f (z:)

e quantile, critical value

Yo fa)=a, > fl@)=a

;i <Ca Ti>Za

e mode, median: argmax from f(x);  quantil or critical value for a = 0.5
EXAMPLE
Random variable X is defined through the following table

x |1 2 3 4 5 6
f@) o2 01 01 03 02 0.1

Tt is so called Bernoulli distribution.

15



Compute its expectation E [X], variance D [X] and standard deviation.

FEzpectation

E[X]=1-024+2-0143-01+4-03+5-02+6-0.1=23.5
Variance
D[X]=(1-35)2-02+(2-35)%-01+(3—3.5)%-0.1+
+(4—35)?-03+(5-35)%-02+(6—3.5)-0.1=265
Standard deviation
VD [X] =265 = 1.628
4.3.3 Density function

For continuous random variable it holds, that its each single value has zero probability -
its total number of values is co, then according to the classical definition of probability
é = 0. That is why we cannot follow the definition of probability function in the discrete
case and must define the density separately, as follows.

Density function is a real function defined as a derivative of the distribution function

dF (z)

fey =28 %F(as)—/_x £ (t)dt.

The second (right) definition is implicit. It follows from the first (left) form and has an
integral form. Using this integral form we can easily derive the formula for probability
of an interval (a, b)

b
P(X € (a,b)):/ f(@)de = F(b) - F(a)

because it holds F (z) = P (X < z) and ffoo - [ = f;’
REMARK

The difference of density function from the probability function is that in density function
we speak not about probabilities of points but about probabilities of intervals.

An example of density function is in the following picture?.

2The distribution used in the picture as normal or Gaussian one.

16



4.3.4 Characteristics of continuous random variable

The same characteristics as for the discrete random variable are defined but instead of
sum there is integral.

Expectation
Variance

Quantile {, and critical value z,

Caf(ulﬁ)dnr:z@, /Oof(a;)da;—a

Mode z and median xg5

& =argmax (f (z)), wos5=Cos

EXAMPLE

Depict the probability function of the experiment of flipping a regular coin with the
assignment: “head” — 1, “tail” — 2.

Solution
The probability functions can be expressed by a table
z |1 2
f(z) ‘ 0.5 0.5

Graphical form is a discrete function define only in the values of the random variable.
It is as follows

17
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1 2 T
Distribution function is a cumulative probability function and it has the form

A

0.5 O

2Y

EXAMPLE

The random variable is defined as the time interval during which we wait for a bus when
we arrive at a bus stop at random and the interval at which the bus arrives is exactly 5
minutes. Construct the distribution and density functions.

Solution

We are looking for the distribution function F' (z) = P (X < z). So precisely speaking,
we are looking for probabilities that we will wait the time z or less. Waiting = = 0 has
probability 0, waiting x = 5 has probability 1 (in the interval (0, 5) the bus surely has to
come). As we come randomly (each time instant is equally probable), the distribution
function will be linear. So, it will have the form

F(x)

A

1 2 3 4 5 T

Density function is a derivative of the distribution function (where the derivative exists).

The derivative in the interval (0, 5) exists and it is equal to i. Outside this interval, i.e.

in (—o00,0) U (5,00) it is zero and in 0 and 5 we can define it as zero, too. Then it is
f(z)

A

=

\

18



4.4 Probability and density functions of random vector

Similarly as for a single random variable we need first to introduce the notion of dis-
tribution function. Then, separately for discrete and continuous cases the notions of
probability function and density function can be introduced.

4.4.1 Probability function of random vector

For two random variables X, Y we define joint probability function as

fX,Y(xay):P X==x ) Y:y
—~—
and

w»

where inside the probability the “ (comma) means logical “and”.

For two random variables we are in a plane x,y and given x and given y is a point [z, y]
in this plane.

4.4.2 Density function of random vector
For two random variables X, Y we define joint density function as a derivative of the
distribution function as follows

2
fX,Y (l',y) = 6$8yFX’Y (I‘,y)

or in an integral form
x x
Fxy (z,y) = / / Ixy (u,v)dudv
—00 J —00

REMARK

As F (z,y) = P ([z,y] € (—o0,x),(—00,y)) again it holds that the probability of random
vector belonging to some area is equal to the integral of density function over this area.

4.4.3 Factorization of random vector

The description f (z,y) is called joint distribution. It can be factorized according to
the chain rule in the following way

f(z,y) = f(zly) f(y) or f(ylx) f(x)

where f (y) or f (z) are marginal distributions. They can be computed:

for discrete random variable (e.g. for X)

19



for continuous random variable

f<x>=/°of<x,y>dy

f (z1]|z2) or f (x2|x1) are conditional pf. (meaning)

The second distribution in the factorization is conditional one

f (o) =1

4.4.4 Covariance
Covariance is a characteristics of two random variables X and Y. It is defined for:

Discrete random variable

ClXY]=) > (z-EX])(y-E[Y]) f(zy)

Ty

Continuous random variable

cxvl= [ [ @-BX) - EWD S (wy)dody

For two correlated variables it holds that if x grows y mostly also grows or if z falls y
also falls. In this case the covariance is positive and the variables are called positively
correlated. If x grows and y falls or x falls y grows than their covariance is negative
and they are called negatively correlated.

4.4.5 Uncorrelated random variables

Random variables X and Y are called uncorrelated if their covariance is equal to zero

C[X,Y]=0.

It means no correlation exists between them.

20



4.4.6 Independent random variables

Random variables X and Y are called independent if it holds

f@y) = f()f(y)
Independence means that the random variables do not influence one another. From the
known behavior of X you can learn nothing about Y and vice versa.
REMARK

The two lately introduced notions of independent and uncorrelated variables are simi-
lar. However, independence is stronger. It holds that independent variables are always
uncorrelated. The reverse is not true. Uncorrelated vartables can be dependent.

EXAMPLE

We have two discrete random variables X and Y with the joint probability function

x|y ‘ 1 2
1 104 01
2 102 03

Determine covariance C [X,Y].

First, we must compute marginal probability functions

fl@)=>f(z,y)=[05, 05
Yy

Fy)=>_ f(x,y)=[0.6,04]

Then expectations can be determined

E[X]=) zf(z)=1-05+2-05=15

T

EY]=> yf(y) =1-06+2-04=14
y
Now, according to the definition formula for covariance, it is
CY]=) ) @-EX])(y—-EN])f(z.y)
z oy

= (1-15)(1—14)-04+(1—15)(2—1.4)-0.1+
—(2-15)(1—14)-02+(2—1.5)(2—1.4)-03=0.1
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4.5 Moments

Here, we introduce notions of general and central moments. They are computed with
the use of distribution and as the distribution for discrete random variable (probabil-
ity function) and continuous one (density function) are defined deferentially, also the
moments have to be defined separately.

4.5.1 k-th general moments
— discrete random variable
my =Y i f ()
X
where x; are different values of rv, X is the set of all different values of rv, f (x;) is the

value of probability function at the point x;.

— continuous random variable
my, —/ ¥ f (x) da
X
where z are real numbers, X is the support of rv and f(x) is the density function.

4.5.2 k-th central moments
— discrete random variable
! i k
mi =Y (zi—m1) f (@)
X

where x; are different values of rv, X is the set of all different values of rv, f (x;) is the
value of probability function at the point x;.

— continuous random variable

m;c :/X (:z:—mll)kf(x)da:

where x are real numbers, X is the support of rv and f (x) is the density function.
REMARK

It holds: expectation is the first general moment; variance is the second central moment.

4.6 Computation with random variables
EXAMPLE:

For two random variables X and Y with probability functions f (z) and f (y)

z |12 y [ 1 2 3
fl) 04 06 fly) 03 05 02
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construct joint f (z,y) and conditional f (z|y), f (y|x) functions.

The variables X and Y are independent (a change in x does not influence probability of
y) so the joint probability function is a product

f(zy)=f(z) f(y)

which means a product entry by entry. The result is

gy | 1 2 3 2y | 1 2 3
1 04.03 0405 0402 = 1 0.12 0.2 0.08
2 0.6-0.3 0.6-0.5 0.6-0.2 2 0.18 0.3 0.12
The conditional distributions are
f(2,y) f(x,y)
flz|ly) = and f (y|z) =
) =51 W) =50

The marginals are given or they can be obtained by summing the joint (the first one is
a sum of columns, the second one of rows).

sy | 1 2 3 | f(x)
1 | 012 02 008]| 04
2 1018 03 012 06
Fly)| 03 05 02

The division is again entry-vise. So, f (x|y) is

gyl 1 2 % syl 1 2 3

1 02 02 0B _ "1 (04 04 04
S 7 S
03 05 02 ' ' ’

Remark

The sum over columns (i.e. for values of x) must be always equal to one. For given
value of y, all possibilities for x are 1 or 2. And probability of “all” is one.

The columns of the conditional distribution are all the same. It is due to the independency

of the variables. ILe. it holds f (z|y) = f (x).

The second conditional distribution f (y|z) is

sy 1 2 3 dy| 1 2 3
1|52 = 8% = 1 103 05 02
o |0 B4 O 2 (03 05 02

6 0.6 0.6 : ’ .

Remark

Here the situation is similar, only transposed.
EXAMPLE:

Two dependent discrete random variables.

Let us have random variables X and Y with the joint probability function f (z,y)
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x\y ‘ 1 2 3
1 0.1 02 0.1
2 103 01 0.2

Construct marginal and conditional probability functions.

Marginals f (x) and f (y) are sums of the joint one

vy |12 3 | f(=)
1 [01 02 01| 04
2 103 01 02] 06

fy) |04 03 03

Conditional probabilities are:

f (aly) = 5Y

x\y‘l 2 3

SINE
3

2 17 3 3

and f (y|z) = L4

d\y|1 2 3

1 [T T 1
[ 71

2 15 5 3

Remark 1

Conditional distribution is a function of the argument before the sign |. So, e.g. f (ylx = 1)
is the first row of the table above. The second row describes the distribution f (ylx = 2).
That is, the whole table (e.g. the last one) is parameterized distribution f (y|z) for
x = 1,2. The same holds for the last but one table. It is f (x|y) for y =1,2,3.

Remark 2

Notice, that in difference to the previous example with independent variables, here joint
distribution s not equal to the marginal one. Le.

f(x7y> %f(ﬁf‘y), fO?”y: 1,2,3
and

[, y) # f(yle), forx=1,2

EXAMPLE:

Let us have two random variables X and Y with joint density function

f(z,y) = +zy+ %, for z,y € (0,1)
The marginal f (z) is

1
Fa@ = [ fepdy=g 61, 20
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and f (y)
(2y+1), ye(0,1)

N

1
fm:Afwwmz

Conditional f (z|y)
flzy)  (Qe+1)y+2a

f(zly) = W oy 41

nd T
and () f(x,y) (4o +2)y+4x

f(ylz) = @ 6+l

As it holds [ (z,y) # f(2) f (y) or f(zly) # f(x) or f(ylz) # f (y), the variables

and y are dependent.

The expectations are

E[X] :Ale(m)dl‘: g
E[Y] :/Olyf(y)dy: 1%
Variances 1 13
znxp:4<x—Eum?ﬂmdx=Hm
1= [ - BV @)y =
Covariance

1 1
clxY= [ [ @ EX) G- EBWD @) dody = 55

(Solved in Maxima http://maxima.sourceforge.net)

The density function is plotted in the following picture
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EXAMPLE:

Determine distribution function F' (z) of random variable with density function
1
f(x)= 3% on € (0,2)
For the distribution function on = € (0, 1) it holds

F(:z:):/omf(t)dt:/oxitdt:;[;E:ixz

The whole distribution function for z € R it holds

0 for <0
F(x)=q 122 for z €(0,2)
1 for x > 2

5 Important distributions

DESCRIPTIONS OF IMPORTANT RANDOM EXPERIMENTS.

5.1 Discrete random variable
Bernoulli distribution

A single experiment with only two possible outcomes = = 0 (failure) or = 1 (success).
The probability of x = 1 is constant and equal to 7.

EXAMPLE: a car turns to left or right.

Probability function

P(zm)=n"(1-m)"", 2=0,1 (2)

Binomial distribution

n times independently repeated Bernoulli experiment. The result z is the number of
successes.

EXAMPLE: n times toss a coin. x = 3 means we demand so that head comes three
times.

Probability function

P(x;n,w)z(Z)w‘r(l—ﬂ)"_x,x:O,l,--',n (3)
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Poisson distribution

It is a limit case for binomial distribution for n — oo and @ — 0 so that A = n7 is a
finite number (called intensity).

Probability function

T

A
P(:c;)\):e”\g, r=0,1,2,--- (4)

It is a distribution of counts - e.g. number of cars passing a point of monitoring or
number of customers entering a shop.

Geometric distribution

Geometrically distributed random variable counts the number of unsuccessful results of
independently repeated Bernoulli experiments until the first success appears.

ExXAMPLE: A shooter shots at a small target. The probability of hitting is p = 0.2.
What is the probability that the first hit will occur it the z-th shot.

Probability function
P(z,p)=p(l-p)°
where p is the probability of success in a Bernoulli experiment.

It expresses the probability that the first success will precede x failures.

General discrete (categorical) distribution

It deals with a random variable z that can take on one of a finite number of different
values {x1, 9, - x,}, each with its own probability pi,pe, - ,pn

Probability function

P(m;plap27” : >pn) =Pz, T E {951,1’2,~ : .In} (5)

where p; > 0 and > " p; = 1.
Mostly it is defined in a table
x ‘ 1 2 -+ n
f@ |[p p2 - pa

Each value x of the random variable has its own probability p,.
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5.2 Continuous random variable
Uniform distribution

It describes a random variable with no preferences for any values, but with fix lower and
upper borders. Its discrete version can be obtained from the general discrete distribution
for equal probabilities py =py =--- =p, = 1/n.

Probability density function

f(x;a,0) =

7 T€ (a,b), and zero otherwise (6)
—a

Has a rigid bounds. It expresses absolute uncertainty - all admissible values are equally
probable.
Normal distribution

It is the most frequently used distribution describing e.g. errors in repetitive measure-

ments. Its standard version has zero expectation p = 0 and the variance equal to one
2

o°=1.

Probability density function

1 _1(@-w?

e 2?2 2 reR 7
V2mo? @)

Is generated by a large number of small independent random accidents.

f(xp,0%) =

Lognormal distribution

This distribution is similar to the normal one for big 1 but for small p it is unsymmetrical,
it means, it guaranties that « > 0. It is suitable for modeling variables that are naturally
non-negative.

Probability density function

1 1 (log(w)—p)?
2 —_— =N/ P
T, 0°) = ———e 2 o2 , x>0 8

It resembles normal distribution but it is for nonnegative variables.

Exponential distribution

This distribution describes processes that monotonously evolve in time. Its application
is e.g. in description of a failure free state of some product.

Probability density function
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fz:0) =75, >0 (9)

SR

It is related to theory of reliability and queues.

5.3 Sample distributions

They arise in connection with a statistics for estimation (it will be introduced later).

x? distribution

It is used in confidence intervals and testing hypotheses about variance or other quadratic
characteristics.

Generation

n

X2 (n) =) (N (0,1)) (10)

i=1
where N (0, 1) denotes a realization of standard normal random variable.

Student distribution

It is used in confidence intervals and testing of hypotheses about expectation when the
variance of the tested variable is not known.

Generation
St(n) = ————_t— (11)

where n is so called number of degrees of freedom.

F' distribution

It is used in confidence intervals and testing of hypotheses about a ratio of two variances,
e.g. F-test and Analysis of variance.

Generation

_ Xi(m)/m

Flmm) = 2wy /n

(12)

where m and n are numbers of degrees of freedom.
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6 Population and data sample

POPULATION IS A SOURCE OF DATA (DATA GENERATOR); SAMPLE IS A SET OF
MEASURED VALUES.

Population is a set from which we select values, sample is what we have selected.
Population is fixed, sampling is performed in random, so each sample differs form other
samples.

Let us start with two examples:
EXAMPLE 1

15 persons work at a department of a certain institute. They can work at home, but 5 of
them must be present in the office each day. Those who should be present are chosen
each day randomly. The age of all the persons working at the department is in the
following table:

person‘ 12 3 4 5 6 7 8 9 10 11 12 13 14 15
age ‘27 28 42 35 27 33 56 37 27 44 39 42 38 35 29

One day, suddenly, we are asked what is the real average age (expectation) of the people
employed in the department. As only 5 of them is present, we have to estimate the
average age requested based on those present.

Let the sample (those who are randomly present) is

person | 2 3 6 11 15
age |28 42 33 59 29

The estimate of the average age of all (expectation of the age) is

28442 +33+59+29

= 37.27
5

True expectation (average of all) of all is 38.20
We can see that

1. The sample average is not too far from the real expectation (and the longer the
sample will be, the more precise the is).

2. If the length of the sample will be 15 (all are present), the estimate will be precise.
Here:
The population are ages of all the persons working at the department.
The sample are the ages of those five present.

It is clear that the population is still the same, however, the sample changes day by day.
Specifically, the average of the population (expectation) is constant, while the average
(sample average) of the sample changes from sample to sample (sampling is random).
Also it is clear, that the differences between sample averages will be smaller than the
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difference between values of the population. The longer the sample is the closer is the
sample average to the expectation.

Important: The population and its characteristics are constant, the sample and its
characteristics are random (they depend on the sample performed)

Remark

The probability function of the population mentioned is

x ‘ 27 28 29 33 35 37 38 42 4 56 59
3 T T T 2 T T P) T T T
F@ % 5 5 5 %5 15 B B 15 B 05
It can be used for generation. ILe. the age 27 will be generated (or chosen to the
sample) with probability %,the age 28 with probability % etc.

EXAMPLE 2

We measure speeds of passing cars. Here, the sample are measured speeds. But what is
the population?

Here, the situation is more complex then in the previous example. The population can
be characterized as “all possible speeds that were, are and will be measured” but it is
too vague. Instead, we will view the population just like random variable that produces
values randomly but according to some probabilistic rules. This random variable is
described by its density function (in a discrete case it was probability function). Then
the population can be viewed either like all the possible generated values (each with its
probability of generating) or better just as the random variable.

As the the probability density is fixed then also the properties and the characteristics of
the population will be constant.

The sample (a given number of measured speeds) is random. That is why again, the
sample itself as well as its characteristics (e.g. sample average) are random.

Specifically, let the speeds are distributed normally with the expectation g = 84 km/h
and standard deviation o = 21 km/h. Denoting speeds by x the population is given by

the density function
I @) 1 1 <:c - 84)2
x) = expq ——=
V2212 2 21

Let us generate 10 samples each with 5 measurements. The result is in the table

samples T $9 $3 Sa S5 S6 s7 s8 Sg $10
1 759 100.1 86.4 97.7 119.7 933 51.0 80.6 92.1 77.3
2 1104 707 925 852 956 8.5 1074 744 635 678
3 1076 73.6 89.7 907 765 717 619 638 341 96.5
4 64.8 109.0 132.1 73.2 1127 116.5 78.6 121.7 64.8 98.1

5] 69.7 991 183 737 519 625 49.0 119.0 61.7 764

s. average 85.68 90.5 83.8 841 91.28 859 6958 91.9 63.24 8.22
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Average of sample averages: 82.92
Standard deviation of sample averages: 9.38
We can see:

(1) The sample averages vary less than the data (e.g. in the first table row). They are
not far form the expectation 84.

(2) The standard deviation of data is 21 which is more than standard deviation of the
sample averages which is 9.38.

(3) The average of the sample averages 82.92 is close to the expectation 84. With the
growing number of sample averages their average converges to the value of expectation.

Remark

All these observations will further be formulated as assertions or definitions.

6.1 Population and its parameters

Population is given by the experiment we monitor and investigate. It can be e.g. speeds
of passing cars, seriousness of traffic accident or intensities of the traffic flow in arms of
a controlled crossroads.

Notice: The population concerns the experiment generally. Measuring the speeds - no
specific speed is given, yet. We can imagine it either as the experiment or the set of all
possible values that can be measured, including probabilities of measuring these values.

The description of population is provided by its distribution. This distribution id gen-
erally unknown (we can hardly define the probabilities of a car going with a speed in
specified interval, say 60-65 km /h; it is not possible to analyze all possible drivers that
can go through a specified point, the possibilities of their cars etc.) However, often we
select some type of distribution (frequently normal) and say that only its parameters are
unknown. We say, the distribution is known up to some of its parameters. The general
task then is to estimate these parameters.

Let the population is given by the density function
f(@,0)

where 6 are the unknown parameters (e.g. expectation).

The task is to construct the point estimate 0, of the parameter 6 based on the set of
measured data {z;}'_,.

6.2 Random sample

The notion of random sample is the most difficult from the whole statistics.

As we already have said, the sample is used for estimation of the properties of the
population, specifically of the unknown parameters of the distribution by which the
population is described.
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Important !!!

It is necessary to distinguish between a set of measured data, which we will call real-
ization of a sample and sample itself as a possibly measured set of values when we
repeat our choice. To explain this rather vague assertion we return to the Example 2
from the beginning of this section. Here, we have made a serial of 10 choices, each with
5 sampled data. As the choices have been random, all the choices were different. At
the bottom of the table we listed also averages from the choices. Naturally, they were
also different. From it we can see, that the random choice and its characteristics (here
average) are random. Now, similarly as we characterized random variable as a variable
whose values differ in each measurement, we can define the sample as a vector random
variables on which we can measure its vector values - realizations of sample.

In this way we define:

Sample is a vector of independent and equally distributed random variables.
Realization of sample is a realization of data sample as random vector.
Remarks

1. Independence in the definition of a sample expresses the fact, that the measured
values must be representative - they must represent the whole population. And
this will be guaranteed if the choice will be performed independently.

2. Equally distributed from the definition says that the data must be measured on
the same experiment. E.g. if I want to analyze traffic during the day I must not
include data measured at night. Or, if I analyze speeds of cars in a free movement
I must exclude all data measured when the cars were stacked in a queue.

3. Realization of a sample is a single data vector which is used for further actions as
e.g. parameter estimation. In practice, no repetition of data choices is used. The
possibility of repetitive choices is used only for theoretical considerations.

4. To stress randomness of a sample it is often called random sample. Also real-
ization of a sample is often called data sample.

6.2.1 Characteristics of random sample

Let us have random variable X ~ f(x) (for now with no parameter) with expecta-
tion E[X] = p and variance D [X] = o2. On this random variable, we have a sample
(X1, Xo,--+, Xn]| of the length N, where X, Xo, -, X are independent and equally
distributed (with the same expectation p and variance %) random variables. We can
define the following characteristics:

Sample average

1 X
X:N;Xi



Sample variance
N

1
o7 2 (@i -

i=1
where the sample variance differs in denominator from the variance, define earlier.

The characteristic are computed not from numbers, but from random variables. Thus,
they are not numbers but again random variables for which we can compute their ex-
pectations and variance. They have he following properties:

Expectation of sample average

E[X] =
Proof
/Xfx@dx—/ X1+X2+ +XNf(x,9)dx:
1
N(/ Xif (x d:v+/ Xof (x)dx + - /XNf d$>
L
= |etn nl|=mp

N times

as the choice is taken from the same random variable with expectation p.

Variance of sample average

)

= 2

D[X]:N

Proof

N 2
1 9 O
DI =0 |y x| - Lol - e
as D [aX] = a®D [X] and random variables in the sample are independent (definition).

These properties show the following:

1. If we take infinitely many sample realizations, compute sample averages of them
and make an average of these sample averages (which makes the expectation
E [X ]), we obtain precisely the expectation of the population.

2. The more sample realizations we take the more accurately we obtain the value of
the population expectation when averaging their sample averages.

Conclusion: Estimation of population expectation by replacing it with the sample aver-
age has a good sense.
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6.3 Point estimation

In the previous paragraph, we have shown that sample average is a good estimator of
population expectation. Now, we are going to generalize this assertion.

We have random variable X ~ f(z,0) which is known, up to the parameter §. We
want to construct point estimate 0 of this parameter, based on the realization of sample
x = [x1,m9,- - ,xN]| (vector of measured data). To this end we introduce the notion of
statistics:

Statistics T is a function of random sample whose value can be regarded as
estimate of the parameter 6.

REMARK

As we have seen, sample average is a good approximation of the parameter u (expecta-
tion)
T — EX]

Similarly for other parameters (variance, proportion, correlation coefficient etc.) there
can be found functions of random sample, that approximate their true value. Such
function is called statistics, and should have some properties (that guarantee it estimates
just this parameter). The statistics should be:

— unbiased
E[T|=6
— consistent — unbiased and
lim D[T]=0
N—oo

— efficient (for 73, T» unbiased)
Ty is more efficient then Ty if D [T1] > D [T3]
EXAMPLE

Sample average is an unbiased and consistent statistics with respect to the parameter
0 =pu.

Proof
E[X] = 5 limy 00 D [X] = limy 00 % =0

We have two samples: first of the length N7 and second Ns. Which sample average is
more efficient with respect to parameter .

Solution
If Ny < Ny then 10\721 > K,—Z and the second statistics is more efficient than the first one.

Now, we can formally define the concept of point estimation:
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Point estimate 6 of parameter 6 is the value of the statistics correspond-
ing with parameter 6 (it should be unbiased, consistent and sufficiently
efficient).

EXAMPLE

A good statistics for estimation of population expectation p is the sample average. Thus,
sample average Z is a point estimate of u.

Notice

For estimation we use average of the sample realization T which is a number and not
average of the sample X which is random variable. For estimation we use only a single
realization of the sample. No repetition of sampling is performed.

Practical example

Let us return to the Example 2 from the beginning of this Section 6. Here we had
the population with expectation 84 and standard deviation 21. We took 10 samples to
show theoretical properties of sample average (here we looked at the sample a average
theoretically as a random variable).

Now, we take only the first sample realization

x = [75.9, 110.4, 107.6, 64.8, 69.7] .

This sample realization will be used for estimation of the expectation. The estimate /i
will be the value of the sample average that has been computed

it = 85.68

If we use the same data generator (normal distribution wit the expectation 84 and
standard deviation 21) and generate longer samples, we obtain

sample length‘ 10 20 50 100 1000 10000
point estimate‘87.08 85.45 81.40 88.36 83.07 84.01

Here, we can see, that the estimates are almost true only for samples longer than 1000.
The reason is that the variance of the population is rather large.

7 Statistical inference

LOOKING FOR POPULATION PROPERTIES FROM MEASURED DATA.

In the previous Chapter, we spoke about point estimation of unknown parameters of
population. We have said that the point estimate is constructed from a single sample
realization taken from the population under investigation. Also we know, that we could
have taken another sample realization (samples can theoretically be repeated). And as
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the sampling is random, the new sample realization would differ from this we have done
and also the statistics (e.g. sample averages) would differ. We have said, that they are
random variables (random variable gives different values; statistics based on different
sample realizations gives also different values). So it, as a random variable, is described
by its distribution f (T"), where T is the statistics.

Summary

We have population X that is described by its distribution f (z,#) which is known up
to the parameter 6.

We define statistics 7" (x, ) (for estimation of )

Finally, we have the distribution of the statistics 7', which can be derived as a
transformation of f (x,6) according to the function 7" = T (z,0). This transformation
is complex and we will not discuss it here.

The distribution f (z,0) points at data from the population.

The distribution f (7,60) points at the parameter € - the value of T is a point estimate
of 6:

T(x)=0

As we are now interested in parameters, all further derivations will concern
the distribution of the statistics f(7,0).

Example

Let us consider population described by normal distribution with variance 1 and unknown
expectation p. We have taken a sample realization © = [x1, 29, , x50] of the length 50.

We want to determine point estimate of p and the distribution of the chosen statistics
T.

The first step is to choose a statistics suitable for estimation of u. We choose sample
average

10
:E—OZ

We know its suitability - it is unbiased and consistent and its efficiency is given by the
length of the sample realization (we suppose that 50 is enough).

The point estimate is given by the value of the statistics.

The distribution of the statistics T = X (here the statistics is viewed as random variable)
will be normal as the population is (this result is not easy to derive, but it can be found
on web, e.g. hitps://online.stat.psu.edu/stat}14/node/172/) with the same expectation
E[T] = u as of the population and variance equal to D [T] = g—; (it has been derived in
the previous Chapter).

37



On the density function of the statistics, we can determine probabilities of point esti-
mates of intervals. E.g. for f (T) with standard normal distribution (u = 0,02 = 1) the
probability of T' € (0,1) will be

P(T € (0,1)) = F (1) — F (0) = 0.84 — 0.5 = 0.34

f(T)

A

7.1 Confidence intervals

a-confidence interval CI is an interval, in which the true value of the estimated parameter
lies with the probability 1 — a.

It can be both sided (as in the picture) where the borders are 1 — ze and zg or
left-sided, with borders 1 — z, and oo or

right-sided, with borders —oo and z,,

where z, is the a-critical value of the statistics distribution.

Remark

We will compute confidence intervals in the software Sscilab where the necessary subrou-
tines are written. This concise explanation is just for us to know what we are doing.

7.2 Test of hypotheses

Another method of parameter analysis, based on the confidence interval, is testing of
hypotheses.
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Again we have a population X described by distribution f (x,6) which is known up to
the unknown parameter 6. We formulate two hypotheses

HO: the parameter is equal to 6y; it is 8 = 6.
HA: it is not equal to g;it is 8 < 6y or 6 > 6.
Remark

HO is called zero hypothesis, and it usually expresses the current state of affairs. HA is
called alternative hypothesis and it denies HO. The denial can have three forms

HO: 0 = 0g; HA: (i) 0 # 6y, (i1) 6 > 0o, (i1i) 0 < 6y. Accordingly, the test can be (i)
both-sided, (it) right-sided or (iii) left-sided.

The principle of testing hypotheses is as follows:

The hypothesis HO is assumed to be valid. HA tries to deny it, based on the measured
sample realization x = [z1, 22, -+ ,xx]. Using this sample realization, we construct con-
fidence interval for zero hypothesis HO. If the sample realization comes for distribution
according to HO then majority of its items (specifically (1 — «) - 100% of them) should
be within this confidence interval. If it is not true, the HO is rejected.

Example

Let the population is normal with the unknown expectation p and known variance 3.
Let we have

HO: p=5; HA: p > 5.
Test H0 with a sample realization of the length 10;

The statistics for estimation pu is sample average . Its distribution will be again normal
with expectation p = 5 and variance o? = 1% = 0.3. As the alternative hypothesis

HA says: p > 5, the confidence interval for HO will be right-sided (so that HA is the
opposite). The situation is sketched in the following picture

(T =5)
A

o[

Iy

8l

A

right-sided CI for HO
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If the realized statistics T, (which is computed from the sample realization) is as in the
picture - outside the CI for HO, the hypothesis HO is rejected. If it lies in the CI, we say
that evidence is not sufficient for rejecting HO (however, HA is not acknowledged).

Here, the CI is called region of acceptance, its complement is denoted W and called
critical region. So, if

T, € W we reject HO, and if
T, ¢ W we do not reject HO.

This principle rejects or does not reject. The power of rejection is not apparent. To
show this, we introduce so called p-value.

p-value is the probability that in the future we will obtain realized statistics that are
greater or equal then the one we have already obtained. It can be visible on the picture.
It is the area under the probability function greater than T,.. For better orientation we
will show it in the following picture

f(Tp=15)
A

«

-

‘ //p—value
5 T, T

>
»

x
p-value is the most frequently used way of presentation of statistical testing.

Remark

We will test hypotheses in the software Sscilab. This concise explanation is just for us
to know what we are doing.

7.3 Important tests with one sample

7.3.1 Parametric tests (normality required)

e expectation (known x unknown variance) - test of true average
Ex: A company declares that its production is more than 150 products per day.
Somebody opposes and says that it is less.
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e proportion - test of a part from the whole
Ex: City manager says that only 5% of drivers exceed the permitted speed at certain
street. Police are convinced that the ratio s higher.

e variance - test of variability of a variable
Ex: Quality of production is given by the dispersion of weight of products is. If it
1§ higher then a given level, the machines must be adjusted. Test, if the machines
are OK or it is necessary to tune them.

7.3.2 Nonparametric tests (normality is not required)

e Wilcoxon test: tests median of rv from one sample
— HO: median is equal to the assumed value
— test is all sided
Ex: Compare caloric intake measured at 11 selected women with the recommended

value 7725 kJ.

7.3.3 Tests of distribution type

e w/s test of normality (statistics = range / std)
— HO: rv is normal

e Kolmogorov-Smirnov test: tests given distribution. It is based on comparison of
assumed and empirical DF.
— HO0: rv has assumed distribution
— right sided test with special crit. vals

e Chi-square test of homogeneity: test of distribution type. It compares observed
and expected frequencies.
— HO: rv has the assumed distribution
— right sided test
Ex: We have measured number of accidents for weekdays and weekends. Test if
they are unif

7.4 Important tests with two samples
7.4.1 Parametric

e two expectations (independent x paired samples)
Ex (indep): Company A claims that its production is greater than that of B. As-
sistant of company B denies it. Test. ... how to determine the side.
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Ex (paired): Uniformity of tire removal at the front wheels of cars of a specific
mark has been investigated. The producer of the cars proclaims uniformity. Test
it.

e two proportions
Ex: Ratio of drivers violating rules in town is greater than outside. Test it.

e two variances

Ex: Variability of weights of products from company A is greater than those, from
company B. Test it.

7.4.2 Nonparametric

e Mann-Whitney test: tests equality of two medians (independent samples)
— HO: the medians are equal
— both sided test
Ex: Marks form math were checked at two classes of secondary school. 5 marks
from the first and 8 marks from the second class were recorded. Compare the
classes.

e Wilcoxon: tests two medians (paired samples)
— HO: medians are equal
— all sided test
Ex: At a secondary school an improvement of students in math was checked. In the
1st class eight students were selected and their marks recorded. In the 2nd class the
marks of the same students were recorded again. Test, if the results of individual
students are tmproved.

McNemar: tests improvement after some action. Data are yes/no - two by two table of
frequencies.
— HO: no improvement
— right sided test
Ex: 22 selected people were tested for cold (yes/no). Then, they received
some drug and after a week they were tested again. Test the effectiveness of
the drug.
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7.5

Important tests with more samples

7.5.1 Parametric

e Analysis of variance: tests equality of several expectations

— HO: expectations are equal
— right sided test
Ex: Test if the power of engine of vehicles of five marks is the same.

e Anova with two factors: tests equality in columns and rows.

Ex: Five cars are tested by three drivers. Test the cars and the drivers.

Auxiliary tests to anova

e Bartlett - test of equality of more variances

e Scheffé - detects different samples

7.5.2 Nonparametric

7.6

o Kruskal-Wallis: nonparametric anova.

— HO: medians are equal
— right sided test
Ex: as for anoval

Friedman - block test of equality of medians

— HO: medians are equal

— test is right sided

Ex. 5 shops are rated by 3 inspectors (each shop is rated by each inspector; inspec-
tors are factors of no interest = block). Evaluate quality of the shops.

Important tests of independence

Gamma coefficient: test of association of two discrete rvs. It compares prediction
from marginal and conditional pf.

— result: how many times the prediction from cond. pf is better than from
marginal.

Ex: We measure speed and consumption on driven cars. Is there a relation between
these two variables?

Pearson test: tests independence of two rvs. It tests correlation coefficient. (para-
metric test)
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— HO: rvs are independent
— test is both sided
Ex: Test the data x and y if they are suitable for linear regression.

e Spearman test: nonparametric Pearson. Works with ranks.
— HO: rvs are independent
— test is both sided

e Chi-square test of independence: test if independence of two rvs. Compares ob-
served and expected frequencies. Based on the definition of independence f (x,y) =
f(@) f(y).

— HO: rvs are independent

— test is right sided.

Ex: We asked 200 people from three different areas about their pay (low, normal,
high). Test if the pay depends on the area.

7.7 Validation in regression analysis

Regression can be viewed as approximation of dependence of y on x from data sample
by some curve - linear, exponential, polynomial etc. However, not each data sample
must be convenient for such approximation. Here we will discuss this question.

1. Draw zy-graph: ideal, good, possible and no good regression.
2. Pearson t-test of correlation coefficient

For approximation of a relation between x and y there mus be any relation. This
is expressed in regression coefficient

_ O[x,Y] Sy
P /DX DY "7 /5.,

where C' is covariance, Dare variances, S are sums
Sey=> (@i—2) (i —9), Se=» (xi—2)°, S=Y (-9’

The true property of random variables is expressed in population regression co-
efficient p. Its true value is estimated from sample by the statistics r (sample
regression coefficient).

Pearson t-test has HO: p = 0, HA: p # 0 ; both sided test with Student distribution.

HO: z and y are uncorrelated - regression does not have sense. To be able to use
regression, HO has to be rejected.
Prg: pearson test
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3. Fisher F-test of explained and unexplained variance

In regression, we have data and predictions of data which lie on the regression line.
If we want to characterize data {yl}fi , without regression, we can compute the
average value g. Then, for a selected x; we have the value y; and its prediction g;.
Now, the deviation of y; from y can be decomposed as

yi—y= 0 —¥)+ (i — i)
—_—— ~—
expl. unexpl.

where

e y; — ¥ is the error in measurement without taking into account the regression
(overall error),

e §; — ¢y is a deviation from the average explained by regression (explained
error),

e y;, — 7; is a deviation of the measured point from the regression line - if
regression is precise, all points should lie no the line (unexplained error).

Taking variances, we obtain explained S, (regression) and unexplained S, (resid-
ual) variances. The statistics is defined as F' = g—; with F' distribution. For HO:
F' = 0 is nothing explained and the regression does not have sense. The test is

right-sided. Regression has sense, it HO is rejected.
4. Test of independence of residuals

Residuals are deviations of the data from regression line. For correct regression
the residuals must be independent. If not, the relations between them could be
used to construct better regression line.

The test has the statistics
_2b—(n—2)
N vn—1

where b is number of sequences (deviations from median with the same sign). HO:
is independence (for z = 0).

z

~ N (0,1)

5. Test for auto-correlation of residuals

It is a similar test to the previous one. We test if a current residuum e; can be
estimated from the previous one e;_;. We estimate the dynamical regression

e; =ae;i_1+b+e¢

If |a|] < 0.3 and k — 0, the regression is OK.
6. Relative prediction error of residuals RPE
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Residuals e; = y; — y; are errors of approximation of data with regression curve.
The smaller the errors are, the better approximation. The standard error is defined
as

var (e
RPE = ()
var (y)
which is variance of prediction error e; relative to variance of dependent variable
Yi-

8 Introduction to Scilab

SCILAB IS A FREE PROGRAM FOR SCIENTIFIC COMPUTATION. ITS INSTALLER
CAN BE FOUND ON WEB www.scilab.org

8.1 Remarks

1. All variables are matrices. Scalar is matrix a(1,1). Vector in first row is a(1,:), in
first column a(:,1). The sign : means “all”.

2. Semi-column ; means: no response. If there is comma or nothing in the end of a
command, its value is printed on the screen.
Remark: the command mode(0) must be called at the beginning.

3. help ,object“ gives help on “object”.
Icon 7 calls the main help.

4. Comment begins with //.

8.2 Variables and operations
There are the following main typed of variables:

e numbers (matrices)
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Definition:

- scalar a=b;

- row vector a=[3 5 1];

column vector a=[3; 5; 1], which is the same as a=[3 5 1]’

matrix a=[2 3 4; 8 7 6];

command a=5:8 creates the vector [5 6 7 8]; 5:2:13 =[579 11 13]
- command a=zeros(2,3) creates matrix 2x3 from zeros

command a=ones(2,3) creates matrix 2x3 from ones

- transposition is performed by ’ (apostroph)

- matrix b (3x3) can be composed like this: b=[a; 2*a; 5*a];
Operations:

- product of matrices division /  power " or **  square root sqrt()
- dot operations .* ./ .~ are performed entry by entry

- in operation * the rules of matrix product hold

- operation a/b means multiplication of a by inversion of b

(inversion itself is inv(b) )

*

e text: a='hello’. It is a vector of letters can be concatinated:
a='hello ; b="boys' a c=a+b, then c="hello boys’.
Conversion: s=string(a) gives value of variable a as a string

e logical variables - their valies are ,true“ ( =1) a ,false“ (=0).
Logical operations: == ~= < <= > >= & (and) | (or) ~ (not)

Examples
Set:
a=[123] b=[8;9] c=[111213; 21 22 23; 31 32 33];
Try and justify:
xl=a*a" x2=a'*a  y=[[a;5*%a] b] c(2;:).*a ¢(1,2:3)*b
c(3,:).7¢c(1,2) c(3,)**2  dl=c(;) dd=c’; d2=dd(:) d2(3:2:7)
Set:
u='first’  v="attempt’  x=%t (setting of “true”) y=5==5  z=5>5
Try and justify:
u+" "+v x &y x&z x|y x|z

8.3 Work with variables

e Command who__user(); gives information about defined variables.

e [m,n]=size(a), m=size(a,1), n=size(a,2) give dimensions of the matrix a, resp. num-
ber of rows, number of columns. Instead of 1 a 2 one can use 'r’ a 'c’.

e n=length(a) number of elements of a.
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n=max(size(a)) length of a vector
e clc  clears screen

clear clears variables

close(winsid())  clears all graphs (close clears the last one)

8.4 Programming commands
e Condition if

if b>c,
a=b;
else
a=0;
end

If b>c is true, it is preformed a=5; otherwise a=0;.
Example

// Determine c as bigger from a, b
a=rand(1,1,’n’); b=rand(1,1,’n’);

if a>b, c=a;
else c=Db;
end

printfCa = %g, b = %g, ¢ = %g\n’,a,b,c)

e Branching of program

select i,
case 1, command _A;
case 2, command_B;
else command D

end

According to i the respective command is performed.
Example cont.

// According to i perform i=2;

// set the vectors select i

a=[1 3 5]; b=[2 4 6], case 1, d=a+b;
// 1 - addition case 2, d=a*b’;
// 2 - scalar product case 3, d=a’*b;
// 3 - tenzor product end

// set the operation disp(d,’result’)
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e Cycle for

for i=1:5
a(i)=2%;
end

For i=1,2,3,4,5 the command a(i)=2*1i; is performed. :Result is a=[2, 4, 6, 8,

10].
Example 1 Example 2
// Determine weighted sum // Order numbers according to magni-
x=[123456|; // numbers tude
p=[.1.3.2.1.2.1]; // weights n=10; // how many numbers
n=length(x); a=fix(100*rand(1,n,’u’)); // ¢isla
s=0; disp(a,’original numbers’)
for i=1:n b=|];
s=s+x(1)*p(i); for i=1m
end [x,j]=min(a);
disp(s,’the average is’) b=[b x|;
a(j)=%nan;
end
disp(b,’ordered numbers’)
end

e Control of the program

pause stops the program.
resume  resunies the program after pause
abort  stops the program definitely.

e Calling of subprogram
exec('my program’,-1)  runs the program my program (-1 suppresses response)

¢ Loading functions to memorry
getd('my address’) loads all subroutines in the address moje adresa
(Scilab does not have path. It knows only the loaded functions)

8.5 Printing

Commands disp and fprintf .
e disp(a) shows value of a.
e disp(a,’'text’) gives value and the text

e printf(‘entry %d of vector a is %g\n',i,a(i));
gives e.g.: entry 5 of vector a is 4.12

8.6 Graphical output

Two-dimensional graph can be constructed by plot.
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Examples:
e plot(y) draws values of y.
e plot(x,y) draws values of y against of x  (so called xy-graf).
e plot(a) draws columns of matrix a.

Formatting of a graph:

Line ‘ Points ‘ Color

- (full) . (point) r (red)
(dotted) + (plus) g (green)

-. (dot dashed) | o (ring) b (blue)

~ (dashed) x  (cross) w  (white)

For more details, call: help plot or go to Scilab help: SciLAB HELP >> GRAPHICS >
GLOBALPROPERTY

Examples:
e plot(x,’or’) draws x using red crosses.

e plot(x,y,'r-+",u,v,'b-x") draws two curves (x,y) a (u,v); the first one is red by full
line with pluses, the second one by blue line with crosses.

9 Examples solved in Scilab

EXAMPLES USED FOR LEARNING WORK IN SCILAB.

The following examples should be the main practical outcome of the subject. The theory
is important just to understand the examples.

9.1 Regression analysis
9.1.1 Example

In a factory, dependence of the overall costs y (in thousands of K¢&) on the production x
have been investigated and the following data measured

x = [532 297 378 121 519 613 592 497|
y = | 48 32 42 27 45 51 53 48]

a) Using linear regression estimate the costs for the production of 1000 products
b) For which production the costs would be equal to $§ 100 000.

Results

line: y = 0.053x + 19.51

cost_ 1000 = 73.02

prod_ 100 = 1504.09
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Scilab

The data can be directly copied from the pdf.
Call: p — lin_reg(x,y)

p = [bl, b0] - coefficients

The second task must be computed manually from the estimated regression line ¥ =
19.510024 + 0.053514 X and express X.

9.1.2 Example

A harmful substance leaked into the container with water. Neutralizing agent has been
applied and the concentration of the harmful substance has been measured at time
instants x. The measured concentrations y are

x= 1512 20 26 29 38 65 126]
y = [19 17 18 17 17 15 14 7].

Compute the correlation coefficient of linear regression and conclude about its suitability.
If suitable, estimate when the concentration will be zero.

Results

Correlation coefficient r = -0.9832531
Line y = —0.095z 4+ 19.305

Zero concentration will be at x = 203.58
Scilab

c=cor(x,y)
p=lin_reg(x,y)
x_0=-p(2)/p(1)

9.1.3 e Example

At certain process we have measured the data

x = [5 12 20 26 29 38 40 45]
y =19 71212 27 35 44 76|

Perform the polynomial regression of the order 3 and the exponential regression. Using
p-value of the regression decide which type of regression is better.

Results
PUper = 0.007
Pezp = 0.016

Polynomial 1is better.

Scilab
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p_p=pol_reg(x,y,3);
yp_p=pol_pred(x,p_p,3);
pv_p=f test pred(y,yp_p,4)
p_e=exp_reg(x,y);
yp_e—exp_pred(x,p_e);
pv_e=f test pred(y,yp_e,3)

Better is that one which has smaller p-value.

9.1.4 e Example

At certain process we have measured the data

21 = (151211998 5 3|
22 = [395 11 28 14 32 58]
y = (972212 27 31 44 36]

Perform multivariate linear regression and test its suitability using p-value from the
ANOVA table.

Results

pv = 0.052

On the level 0.05 is the regression OK.
Scilab

x=[x1" x2'];

p=lin_reg n(x,y);

yp=lin_pred n(x,p);

pv=f test pred(y,yp,3)

9.2 Confidence intervals

9.2.1 Example

Assume, that the height of children in the age 10 has normal distribution with the
variance 38. Determine the interval a-I, in which the true height will be if we have
measured the data sample of the length 12 with the average 127.3. Compute on the
level o = 0.01.

Results

CI = (122.72, 131.88)

Scilab

The sample is introduced as structure x.n and x.m

x.m=127.3;
x.n=12;
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v=38;

alpha=0.01;

alt="<>";
ci=z_int(x,v,alpha,alt)

9.2.2 Example

Assume, that the height of children in the age 10 has normal distribution. Determine
the interval a-1, in which the true height will be if we have measured the data sample
of the length 12 with the average 127.3 and variance 38. Test on the level a = 0.01.

Compare with the previous result and justify.
Results

Cl = (121.77, 132.83)

Scilab

The same as the previous Example 14.2.1

x.m=127.3;

x.v=38;

x.n=12;

alpha=0.01;
alt="<>";
ci=t_int(x,alpha,alt)

The difference is that the variance now is computed from data, not known exactly.

9.2.3 e Example

To learn the accuracy of a method for measuring the volume of manganese in the steel,
we performed independent measurements of several variances. We would like to know
the border for which it holds that only 5% of possibly measured variances will be greater
than this border. The measured values are

x =[4.3295.13.32.74.8 3.6
Results

The border of variance is 3.2
Scilab

alpha=.05;
alt=">’
ci—var_int(x,alpha,alt)

The border is be given by the upper border of right-sided confidence interval with al-
pha=0.05.

Sorry, 2.4 is missing
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9.3 Parametric tests
9.3.1 Example

At the motorway with recommended speed 80 km /h we monitored the speeds of passing
cars and obtained data presented in the following table of values and frequencies

£ 078 79 80 81 82 8300
n| 543 32 45 15 8 2

Test the hypothesis HO that only 3% of drivers exceed the speed 80 km/h. Test on the
level 0.05.

Results

pv = 0.096

We do not reject.
Scilab

// Exceed: 25, All: 645

x=25/645;

p0=0.03; /] (3%)

n=645;

alt=">"; // HO: p<p0, HA: p>p0
pval=prop _test(x,p0,n,alt)

9.3.2 Example

From a set of steel rods with equal nominal length 6.2 ¢cm, we have selected random
choice with the lengths . The producer guarantees that the standard deviation of the
lengths is 0.8 cm. At the significance level 0.05 test the assertion of the producer that
the produced rods have the nominal length if the measured lengths are

x=[6.27.56.98.9647.1]

Compare the result with the situation when the variance is not known.
Results

pv,= 0.003, pvy = 0.059

Scilab

m0=6.2;
v=0.8%*2;

alt="<>";
pv_z=z_test(x,m0,v,alt)
pv_t=t_test(x,m0,alt)
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9.3.3 Example

The accuracy of setting of certain machine can be verified according to the variance of
its products. If the variance is greater then the level 28, it is necessary to perform new
setting. A data sample of values, from which the variance is to be determined is as
follows

x = [102 113 108 119 114 102 115 119 99 117 108 101]
On the level 0.05 test if it is necessary to set the machine.
Results

pv = 0.03

On the level 0.05 reject HO: the machine is OK

Scilab

v(0=28;
alt=">";
pval=var_ test(x,v0,alt)

9.3.4 e Example

Solidity of materials is verified by two methods A and B. The same material has been
subdued testing by both methods. The results are

A =[20.1 19.6 20.0 19.9 20.1]
B =[20.9 20.1 20.6 20.5 20.7 20.5]

On the level 0.05 test equality of both methods if the variability of methods is assumed
to be equal.

Results

pv = 0.002

Equality is rejected.
Scilab

alt="<>";

pval=t_test 2s(A,B,alt)
9.3.5 e Example

We are going to test if the tire removal on left and right sides of the front wheels of cars
is equal. The measured values are

zL=[1.81.0 2.2 0.9 1.5]
zP=[1.51.12.0 1.1 1.4]

Test at the level 0.05.
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Results
pv= 0.55, are the same.
Scilab

alt="<>";
pval=t_test 2p(xL,xPalt)

9.3.6 Example

On a highway with a recommended speed limit of 80 km/h, the speeds of vehicles
traveling toward the city (xT) and away from the city (xF) were monitored. The data
measured are

xT = (95 88 71 82 69 75 78 67 77 82 79|
xF = [81 69 7591 77 76 88 68 91 74 92|

At the level 0.05 test the hypothesis HO: To the town the cars go faster.
Results

1. test of variances: pv = 0.8 - variances are equal.

2. test of speeds: pv = 0.322 - to town are higher is not rejected

Scilab

To is the first sample, From is the second sample.

HO says: To > From. HA: To<From

alt = '<’

pval=t_test 2s(xT,xF,alt)

9.3.7 Example

During a check of the front lights of cars we have measured the data zL (left light) and
xR (right light).

zR=[-3516 9-8 -2 235 -6 -3]
xL=1-5-1222-3-91-12-13 -5]

The values are distances (in cm) above (positive) and below (negative) of the real level
with respect to the optimal level. At the level 0.1 test if

a) the light levels at each car are the same,
b) the left lights are higher then right.

c) the left lights are lower then right.
Results

a) pv = 0.075; On the level 0.1 we reject equality.
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b) pv = 0.08; Left are higher is rejected.
¢) pv = 0.96; Right are higher is not rejected.
Scilab

alt="<>";
pv_both=t_test 2p(xR,xL,alt)

alt—">;
pv_left=t test 2p(xR,xL,alt)

alt="<";
pv_right=t test 2p(xR,xL,alt)
9.3.8 e Example

At the intersection, we recorded the number of cars going straight (S), turning left (L),
and turning right (R). The measured data are 25 = 62, L =39 and R = 46. At level
0.1, test the claim that the ratio of cars

a) going straight is equal to those that are turning,
b) going straight are more than those turning.
Results

a) pv = 0.0078 - equality is rejected

b) pv = 0.0036 - “straight is more” is rejected
Scilab

x5=62;
xT—85;
xAll=xS+xT; // = number of all

alt="<>";
pv_equal=prop_test 2(xS,xT,xAll xAll,alt)

alt="<’

pv_exceed=prop test 2(xS,xT xAll,xAll alt)
9.4 ANOVA

9.4.1 Example

We monitor three machines. Randomly, we measure their productions per hour

xl=[53 55 49 58 52 61 56 55]
x2= {49 56 52 45 51 56 44 51|
x3= 152 53 52 54 55 53 53 52|

At the level 0.05 test the equality of their production.
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Results

pv= 0.021
Scilab

x=[x1" x2’ x3’[;
pval=anova(x’)
9.4.2 Example

For one month in the years 1999 2000 2001 2002 2003, we monitored number of accidents
at five crossroads. The results are as follows

C1 C2 C3 C4
1999: [352 1 3|
2000: [6 2 5 3 4]
2001: [321 1 2]
2002: [4112 2]
2003: [425 5 6]

At the level 0.01 test hypothesis HO: The average number of accidents is equal at all
monitored crossroads.

Results

One-way anova pv = 0.0207
Two-ways anova Equality in crossroads pv = 0.0195
Equality in time pv = 0.275
Scilab

x=|

35213,

62534

32112

41122

42556];

pvlr=anova(x’)
[pvIIc,pvilr|=anova 2(x’)

9.4.3 e Example

The factory manufactures certain products whose weight must be constant. It uses four
machines for production. Samples of products were taken from all machines to test the
uniformity of product weight. The measured values are
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x1=[39.4 34.8 35.6 35.1 35.8]
x2—[34.4 34.2 35.1 31.1 32.5 33.8
x3-[30.2 35.1 34.2 36.3 30.8 35.6 35.2]
x4=[39.1 34.3 38.6 34.5 36.4 36.1]

Test, the equality of the product weights on all four machines.
Results

pv = 0.036

Scilab

x=list();
x(1)=x1;
x(2)=x2;
x(3)=x3;
x(4)=x4;
pval=anova(x)

9.5 Nonparametric tests

9.5.1 Example

At a crossroads we have written down numbers of passing cars. The lengths of monitoring
were d = [15 10 20 35 10 50| and the measured numbers x = [71 56 98 121 44 271]. At
the level 0.05 test the hypothesis that the cars go uniformly (the same number per time
unit).

Results

pv = 0.002

Scilab

O=x;

E=sum(x)*d/sum(d);

pval=chisquare test(O,E)

9.5.2 Example

The following data are frequencies (f) of incidents at certain big factory at time intervals
(i)

ir 8-10h. 10-12h. 12-13h. 13-17h.

227116

At the level 0.05 test the hypothesis that the accidents occur uniformly.
Results

pv= 0.13
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Scilab

=221 4];

0—[27116];
E=sum(O)*I/sum(I);
pval=chisquare test(O,E)

9.5.3 e Example

A connection between color of eyes and hair has been investigated. In a collected data
sample we obtained the following frequencies

eyes\ hair ‘ light brown dark
blue 90 75 55
gray 96 136 88
brown 108 135 119

At the level 0.05 test the hypothesis that the color of eyes and hair are independent.
Results

pv= 0.017

Scilab

x=|

90 75 55

96 136 88

108 135 119];
pval=chisquare _test i(x)

9.5.4 Example

Two operators O1 and O2 alternate regularly in production of certain articles. The
produced articles are checked for quality (either 1 or 2). The following data have been
measured

O1:121122212111212221212
02:221211222122121222112

At the level 0.05 test the assertion that both the operators are with respect to the
production quality independent.

Results
pv= 0.466
Scilab

O=table(x,y);
pval=chisquare test_i(O)
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9.5.5 e Example

Two doctors recommend curing a cold with two different methods. The results (number
of days of the treatment) are x1 and x2. Test equality of the methods.

x1=[587845569358687585756847756]
22=[349549983353645622342 3|

Results
pv=0.006
Scilab

pval=mannwhit test(x1,x2)

9.5.6 Example

Eight sportsmen in a certain sports club were tested with respect to their performance.
All of them threw a javelin once and then they were subdued to intensive training. Then
they threw once more. The measured lengths were 1 and z2. The hypothesis is that
one day of training is not enough to improve their performance. Test on the level 0.05.

x1=[68 81 69 72 66 91 98 89 75 68 69 75 72 83 88 79 88 76 81 85 79|
x2=[79 62 70 75 68 81 85 94 71 62 81 70 74 85 82 91 85 82 83 73 71|

Results
pv = 0.238
Scilab

pval=wilcoxon _test(x1,x2,>")

9.5.7 Example
Test if mice and stags have equally long front legs. The measured values are

x1=[135 123 3.1 2.5 98 124 131 3.4 2.8 128 154 135 2.9 137 2.7 3.0 3.2 131 2.8 148]
x2=[136 121 2.9 2.6 101 121 130 3.5 2.9 126 162 141 2.8 142 2.9 2.8 3.0 132 3.1 151]

Results
pv=0.40/4
Scilab

pval=wilcoxon _test(x1,x2)

9.5.8 e Example

Tree inspectors are to evaluate functionality of five fast food stands. FEach inspector
evaluates each stand. The result is at the table (rows correspond to inspectors, columns
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columns to stands). Evaluation marks are 1,2,..,10. The mark 10 is the best one. Test
if the quality of the stands is equal.

Table

108397
875910
89576

Results
pv= 0.155
Scilab
x=|

108397
875910
89576
friedman _ test(x)

9.5.9 e Example

Let x denote the length (in centimeters), of a certain fish species. We obtained the data
set

r—[5.03.98275284154261.743744152 ...
9.3273459439.482483.34.75.34.24.0].

Can we conclude that the median length of the fish species differs significantly from 4.1
centimeters?

Results
pv = 0.052
Scilab

x0=4.1;
pval=wilcoxon _test(x,x0)

62



10 Examples for the textbook

10.1 Examples to probability
10.1.1 Example

We throw a dice. What is the probability that we obtain an odd number if somebody
watched the result and reveals us that the result is a) greater than 3; b) greater than 4.

Solution

The example can be demonstrated in a picture. The basic situation with a dice has 6
equally possible outcomes

1 2 3 4 5 6

The condition a) excludes 1, 2, 3. In the next picture they are denoted by X

(x[xx] [ ||
1 2 3 4 5 6

Now, all possible are 4, 5, 6 from which only 5 is odd. So, we have

pi=1
3
For the condition b), the excluded are 1, 2, 3, 4 and positive (odd) is 5
(XX [X[X]
1 2 3 4 5 6

Then, we have

1
P2 =—
2

Notice

The original probability (of odd number) is P = % For the first case a) it holds P1 # P
which means that the events are dependent. In the case b) it is P2 = P, so the events
are independent. From the example we can see that tndependence means that tn the
new sample space (created by the condition) the ratio of positive and negative results is
the same as in the original sample space - odd/even are 1/1. In the case of dependent
events, the ratio is unbalanced - here odd/even are 1/2. The result of odd number is less
probable so the condition brings an information for us which can be used in guessing the
result.

10.1.2 Example

Consider an example of throwing two dices. What is the probability that: a) The sum
on both dices will be greater than ten? b) We get an even sum if we know that there
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was not 6 at the first dice? c¢) We get an even sum if we know that there was not 6
neither on the first nor on the second dice?

Solution

a) We would like to use the classical definition of probability, however, the results (sums
on both dices) are not equally probable. E.g. the result 2 can be got only by 1 and 1.
The result 2 can occur in two ways 1 and 2 or 2 and 1, etc. What is unique are couples
of numbers that fell at first and second dice. The situation can be depicted as follows
(vertical axis represents toss on the first dice and horizontal one the second - inside the
table are sums of tosses on both dices)

1 2 3 4 5 6
112 3 4 5 6 7
213 4 5 6 7 8
3|14 5 6 7 8 9
415 6 7 8 9 10
2|6 7 8 9 10 11
6|7 8§ 9 10 11 12

As all the results denoted inside the table are equally possible, the classical definition
of probability can now be used. We can see that the total number of different results is

6 x 6 = 36 and the number of positive ones is 3. So the probability will be
3 1
P 10)=—=—.
(@>10)=55= 15

b) The above table for the condition no 6 on the first dice looks looks like this

1 2 3 4 5 6
112 3 4 5 6 7
213 4 5 6 7 8
3|4 5 6 7 8 9
415 6 7 8 9 10
56 7 8 9 10 11

From it the number of positive results is 15 (all entries with even sums) and possible
results are 30 (all entries). Thus the probability is

15 1
P (no6on firstdice) = 03

which is the same result as without the condition.

¢) With no 6 on both dices the table is

1 2 3 4 5
112 3 4 5 6
213 4 5 6 7
314 5 6 7 8
415 6 7 8 9
516 7 8 9 10
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Here, positive results are 13 and possible ones ore 25. Then the probability is

13
P (no6onboth) = %

Here the condition influences the result. Even sum is more probable.
Remark

The reason why at b) the probability is the same as without the condition can be seen.
The condition b) leads to omitting the results 7 8 9 10 11 12. Here, the number of even
and odd is the same. In difference, in the case ¢) we omit 78 9 10 11 12 11 1098 7
where even results are 5 and odd ones are 6. It means that more even results stays in
the game and thus even is more probable.

10.1.3 Example

We have a box with five white (w) two red (r) and three black (b) balls. Randomly we
draw one ball and without returning it we draw the second one.

1. What is the probability, that the first ball will be white?
Solution: According to the classical definition of probability we look for positive
and all possible results®. There are five positive results (five white balls) and ten
possible ones (all balls in the box). So the probability is

)

2. What is the probability that the second drawn ball will be white if the first was
a) white; b) black?
Solution a) white: If the first ball was white then before the second draw we have
four white and altogether nine balls. So, denoting 1w as the first draw white and
2w the second one white, we have

4
P 2w|lw) = =
9
Solution b) black: Here before the second draw we have five white and nine balls
altogether. Then

P (2u]10) zg

3. What is the probability that the second drawn ball will be white?
Solution: Here, we do not know which ball has been drown as the first. So,
we must take into account all possibilities. What we know in analogy to the
previous examples are marginal and conditional probabilities (whit the analogous

denotation) P (lw) = 3; P(1r) = 1; P(1b) = 2; P (2w[lw) = §; P (2w[lr) = 3

3The conditions for classical definition are met: there are a finite number of possible results and each
result is equally probable.
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and P (2w|1b) = 2. Then the probability P (2w) is given as a union of all possible

first draws

P (2w) = P (2w, lw) + P (2w, 1r) + P (2w, 1b) =
= P (2w|lw) P (1w) + P (2w|1r) P (1r) + P (2w|1b) P (1b)

where P (-, -) denotes joint probability on which we applied the chain rule P (A, B)
P (A|B) P (b). Now, all these probabilities are known and can be substituted

41 51 53

Puw)=--+2- 42

1

92 95 910 2

The situation can be easily represented graphically

PQu|lw) = 2 Q

4w2r3b

5w2r3b

5w2r2b

second white

The nodes represent states (numbers if individual balls in the box). The leftmost one
denotes the initial state (5white,2red,3black). The arrows are actions (colors of the
drawn balls). Up white, right red and down black. The second column of nodes are
states after the first draw (always one corresponding color is missing). The probabilities
are computed on the base if the input node and are given by number of positive colors
divided by the number of all colors. The rightmost column are the final states. Their
probabilities are given by the product of probabilities on th path from the beginning to

this node.

To solve the problem - probability of second white - we must select the nodes where
the last drawn ball was white. They are the first, fourth and seventh one. The final
probability is sum of probabilities of these selected nodes.
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10.1.4 Example

Let the sample space be given by sex of residents of certain village = and their age y.
By 2 = 1 we denote female (girl) and by x = 2 mail (boy). The age has values y = 1
for age less then 18 and y = 2 otherwise. We obtained the following population

sex‘ll1221211112212211122
age‘221112221222112222212

1. What is the probability that a randomly chosen person will be male?
Solution: The question concerns only x - the first row of the data-table. Mail is 2
and there are nine entries equal to 2. The total number of persons (entries of row
in the table) is 21. So the probability of male is

_9
21

2. What is the probability that a randomly chosen person will be a male if we know
that the age is less than 187
Solution: The condition is age < 18 which is what we know. So, from the above
table we select only columns which have 1 in their second entry. We obtain

sex [1 2 2 1 2 1 2
age[1 1 1 1 1 1 1

and what remains in the first row is: three times 1 and four times 2; altogether
seven columns. That is the probability of a boy is
4

P=-
7

3. What is the probability that a randomly chosen person will be a boy (i.e. a male
with the age < 18).
Solution: IHere, we are guessing both the sex as well as the age. So, from the
table, we have to select all positive columns ? . There are four of them. The
total number is 21, so the probability is

4
P=_—
21

10.1.5 Example

Let us have a buss station with a bus coming exactly in five minutes interval. We come
randomly at the bust station and want to go by the bus. The result of the experiment
is defined as a time we must wait. What is the probability of waiting a) one minute; b)
less than 1 minute; ¢) more than one minute.

Solution
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a) Evidently, the probability of waiting exactly a given time is zero. In the interval
(0, 5) is uncountably infinitely many time instants which all are candidates for a possible
waiting time. The positive result is only one. So, one divided by infinity gives zero.

b) The probability of maximum time of waiting is proportional to the length of this
interval. No waiting has probability 0 (see the case a) ) and maximum waiting 5 min
minutes has probability 1. If we denote X as maximum time of waiting and x some real
number, then we have

P(X<1)= g for z € (0, 5)
and zero otherwise.
So, waiting less than 1 minute has the probability %
Remark

If we take two time instants x1 < x9,both within the interval (0, 5) then

P(ngl):%, P(XS.%’Q):%
and the probability of waiting more than x1 and less than xo is
Tr9 — T1

5

From it we can also see that if x1 = xo then the probability is zero.

P(X € <l’1, $2>) =

c¢) Probability of waiting more than 1 minute can be determined on the basis of the last
formula. It is

5—1 4
PX>1)=—=-.
( )=—F—=¢
11 Interval estimates
11.0.1 Example 1 (interval for u - known variance)

Assume, that the weight of products has normal distribution with the variance o2 = 25.
Determine the interval a-I, @ = 0.01, in which the true weight will lie if we measured a
data sample of 25 values with the average 135.

Result
I = (132.4, 137.5) - both sided

11.0.2 Example 2 (interval for ; - unknown variance)

Assume, that the weight of products has normal distribution. Determine the interval
a-1, a = 0.01, in which the true weight will lie if we measured the data

x = [136 127 141 129 132 138 143 131]
Result
I = (127.5, 141.8) - both sided
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12 TH - one sample (parametric)

12.1 Expectation
12.1.1 Example 3 (TH one expectation, unknown variance)

On a section of motorway with a recommended speed 80 km/h we monitored the speeds
of passing cars. We obtained a dataset of

a) n = 12 measurements
b) n = 120 measurements

with average £ = 84 and standard deviation s = 18. Test HO: the cars maintain the
recommended speed. Test on the level a = 0.05.

Result

influence of the sample length, BOTH-SIDED test

a) pv = 0.458
b) pv = 0.016
12.1.2 Example 4 (TH one expectation, unknown variance)

On a section of motorway with a recommended speed of 80 km/h we monitored the
speeds of passing cars. We obtained the data

a) x = |98 86 65 92 83 92 85 66 62 82 99 92|

b) x = [98 86 65 92 83 92 85 66 62 82 99 92 89 94 81 88 79 95|

On the level a = 0.05 test HO: the drivers in average do not exceed the speed.
Result

Test of expectation with one sample, RIGHT-SIDED

a) pv = 0.181 - they do not exceed

b) pv = 0.039 - they exceed

12.2 Proportion
12.2.1 Example 5 (TH one proportion)

On a section of motorway with a speed limit of 80 km/h we monitored the speeds of
passing cars and obtained the data

x = [78 86 65 82 83 92 85 66 62 82 79 92]
Test HO that the ratio of cars exceeding the speed is not greater than 30%
Result

n =7 all =12 (n - number of those who exceed)
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pv = 0.016 - RIGHT-SIDED test (normal approzimation)

I = (0.304, 0.862) -> 0.3 is not in I — reject

12.3 Variance
12.3.1 Example 6 (TH one variance)

A machine produces rods of a specified length. The accuracy of the machine can be
verified by the variance of the lengths. If the variance is greater then the level 50, it is
necessary to adjust it. A data sample of lengths has been measured

x = [101 104 103 110 108 116 129 98 104 111 115]

On the level 0.05 test if it is necessary to adjust the machine. Test on the level a =
0.05.

Result
$2=176.2; RIGHT-SIDED test of variance

pv = 0.123 - not necessary

13 TH - two samples (parametric)

13.1 Expectation
13.1.1 Example 7 (TH two expectations, independent)

Two classes are to be compared in the knowledge of English. We randomly selected
children from both classes and let them write a test. The results were in the range 0 —
100 (the higher the better).

The results are

x1 = [65 81 38 76 59 58 63 63 78|

x2 = [92 83 81 96 95 42 33 66 79 85 99|

HO: “The first class is not worse than the second one”. Test it on the level o = 0.05.
Result

LEFT-SIDED TH for 2 expectations, independent samples

Comparison of groups

pv = 0.062 - HO not rejected

13.1.2 Example 8 (TH two expectations, paired)

Teacher insists students are getting worse in English. To test if individual pupils get
worse, 10 of them were selected. They wrote a test with results 0 — 100 (higher is better).
Next year the same pupils wrote another, similar test. The results are
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x1 = [69 88 84 95 100 84 83 79 68 94|
x2 = [70 85 89 99 98 85 83 75 71 9§]
Test, on the level a = 0.05.

Result

HO: art the same
HA: get worse

LEFT-SIDED TH for 2 expectations, paired samples
Comparison of individuals

pv = 0.19 - cannot reject “get worse”

13.2 Proportion
13.2.1 Example 9 (TH two proportions - normal approximation)

At a crossroads, we have written down numbers of cars going straight (S) turning to left
(L) and right (R). The measured data are xS=62, xL.=39 a xR=46. On the level 0.05
test HO: the ratio of cars going straight is not less then those that turn.

Result

LEFT-SIDED test of 2 proportions
xT=zL+xR=85; all = 147

al = 0.0073 - HO 1is rejected

14 Many samples (parametric)

14.1 Anova
14.1.1 Example 10 (Bartlett, one-way anova)

For five years, we monitored number of accidents at four crossroads. The results are in
the following table.

X\year‘2000 2001 2002 2003 2004

X1 2 ) 3 1 2
Xy 4 2 5] 6 3
X3 2 2 ) 6 4
Xy 3 3 1 4 2

a) At the level 0.05 test the hypothesis: The average number of accidents is equal at all
monitored crossroads.

b) On the same level test the hypotheses: The average number of accidents is equal for
both the crossroads and the years.
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Result

Bartlett: pv = 0.498 (for transposed)
a) pv_ X = 0.833

b) pv X = 0.381; pv_year = 0.654

15 One sample (nonparametric)

15.1 Median
15.1.1 Example 11 (TH one median - Wilcoxon)

Let X denote the length (in centimeters), of a certain

fish species. We obtained the data set
d=14538494241523538454.2 ..
4.742353845424538494.2..
45414539424246434.14.2]

Can we conclude that the median length of the fish species differs
significantly from the length 4.1 centimeters?

Result

Wilcozon (one sample, BOTH-SIDED) - data are practically uniform
pv = 0.041

Help: Use Wilcoxon for two samples. first is d and second is ones(d) * 4.1

16 Two samples (nonparametric)

16.1 Median
16.1.1 Example 12 (TH two medians - Mann-Whitney)

Two doctors recommend treating colds with two different methods. The results (number
of days of the treatment) are

x1=[564458575634775 6]
x2=[8412983 81596 4]

Test equality of the methods.
Result

Man-Whitney - BOTH-SIDED

HO: are equal

pv = 1 (are equal) - small samples
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16.1.2 Example 13 (TH two medians - Wilcoxon)

Ten athletes in some sports club were tested with respect to their performance. They
all threw the javelin once and then they were subjected to an intense training. After
this they threw once more. The measured lengths were

x1=[68 69 75 72 83 88 79 88 76 81 ...
6759 7879 738281917582 ...

75 89 86 71 88 79 76 75 73 68|

x2=[82 91 85 82 71 62 81 70 74 85 ...
81 70 74 85 8291 8582 71 62 ...

75 68 71 71 78 82 89 95 75 84|

The hypothesis

HO: One day of training is enough to improve their performance.
HA: is not enough.

Test, on the level 0.05.

Result

Wilcozon (two samples), RIGHT-SIDED

pv = 0.295 - is enough (according to HO)

16.2 Detection of a change
16.2.1 Example 14 (TH McNemar)

Some cold medicine has been tested (whether it helps or harms). The health of ten
selected people was inspected O-they are OK, 1-thea have cold. Then the medicine was
applied and the health checked once more. The result is

x1=[0010110111]
x2=[0110100100]

Test, if the medicine has some effect.
Result

pv = 0.8317 - not reject HO: no change in samples

16.3 Chi-Square tests
16.3.1 Example 15 (Chi2 independence)

Two operators O; and Os work in parallel in production. The products are checked for
quality (1 good, 2-worse). The following data have been measured
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O1111121222121212112221 2]
0222121222112112221221 2]

At the level 0.05 test the assertion that the operators are with respect to the production
quality independent.

Result

Chi-Square independence (table in Categorical/ Count nominal data)
HO: are independent

pv = 0.28 - are independent

16.3.2 Example 16 (Chi2 homogeneity)

In a study of the television viewing habits of children, a psychologist selects a random
sample of 300 first graders - 100 boys and 200 girls. Each child is asked which of
the following TV programs they like best: The Lone Ranger, Sesame Street, or The
Simpsons. Results are shown in the contingency table below.

‘ Lone Ranger Sesame Street The Simpsons
Boys 50 30 20
Girls 50 80 70

Do the boys’ preferences for these TV programs differ significantly from the girls’ pref-
erences? Use a 0.05 level of significance.

Result
(Deals with frequencies of discrete variable), HO - are the same

pv = 6.3-1075 - the preferences are not the same

16.3.3 Example 17 (Chi2 goodness)

The following data are frequencies of incidents at certain big factory

time interval [hour] | 8-10 10-12 12-13 13-18
number of accidents ‘ 5 8 4 12

At the level 0.05 test the hypothesis that the accidents occur uniformly.
Result

Chi-Square goodness (sum of o and e must be equal)
i=12215]0o=|58412] e = sum(o)*i/sum(i) =158 58 2.9 14.5]
HO: is uniform

pv = 0.62 - is uniform
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17 Many samples (nonparametric)

17.1 Nonparametric anova
17.1.1 Example 18 (Bartlett, Kruskal-Wallis)

A factory produces some products whose weight must be constant. For the production
it uses four machines. A sample of products has been taken from all machines to test
equality of the product weights. The measured values are

x1=[35.6 35.1 35.8 39.4 34.8]

x2=[32.5 33.8 34.4 34.2 35.1 31.1]

x3=[36.3 30.8 35.6 35.2 30.2 35.1 34.2]

x4=[34.5 36.4 36.1 39.1 34.3 38.6]

Test the equality on condition that the data cannot be assumed normal.
Result

Bartlett - pv = 0.74

Test of HO: are equal; pv = 0.038 - are not equal

Jurther analysis - Descriptive/Boz-and- Whiskers

18 Other tests

18.1 Independence

18.1.1 Example 19 (t_test reg)

We would like to build a model y = f (z) from the data
x =125681521 25|

y = [12 32 41 50 115 500 650]

Test whether the data x and y are are dependent at all.
Result

pv = 0.002 - are dependent (HO: independent)

18.1.2 Example 20 (Spearman)

We have decided, that it is not sure, if the data prom the previous example can be
considered normal. We use still a nonparametric test.

We would like to build a model y = f (z) from the data
x =[256 81521 25]
y = [12 32 41 50 115 500 650]

75



Test whether the data x and y are are dependent at all.
Result

coefficient = 1 — Perfect correlation (agrees with the previous)

18.1.3 Example 21  (test of normality)
We measured the speed of cars at a given point on the road and got the data
x = [69 82 79 55 85 80 91 88 69 45 57 82 69 98|

We would like to test whether the average speed is 80 km/h but we do not know if the
test should be parametric or nonparametric. Test it.

Result

HO: they are normal

pv = 0.36 - is normal
Shapiro-Wilk W lest pv = 1
Kolmogorov-Smirnov pv = 0.763
Anderson pv = 0.871

18.1.4 Example 22  (test of association)

In six schools, similar classes (same year group and same number of children) were
selected. Here, the number of children with excellent performance in math and English
was found.

Math = [ 58346 9]

English = {10 6 8 3 5 11]

Test whether the good performance in the subjects are associated.
Result

HO: they are associated.

chi2 - pv = 0.57 - yes, they are associated (show also in linear regression)

18.2 Examples to regression analysis
18.2.1 Example

A certain firm monitored its yearly profit. The data collected are in the table

year ‘1995 2000 2003 2008 2011 2015 2016 2017 2018 2019
profit (mil $)‘ 5%) 20 o0 93 45 60 61 67 65 66
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They are interested about the prediction of the profit for the year 2030. To this end
perform linear and cubic polynomial regression, select the better one and perform the
prediction. Compare it with the prediction from the other regression.

Solution
As the numbers denoting the years are unnecessarily too big (or computation) we intro-

duce the following transformation

x = year — 1900, and y = profit

and with it we have data

x‘95 100 103 108 111 115 116 117 118 119
y‘55 50 50 53 45 60 61 67 65 66

The solution can be found with Statext:

Linear regression
Parametric|Simple regression|Linear...
The equation is
yp = 0.63r — 12.13
p-value = 0.028
prediction yp = 0.63 - 130 — 12.13 = 69.77
The resulting regression is in the following picture

SIMPLE LINEAR REGRESSION

1 } f t }
T o + 67.00

¢49
(o]

+ 61.50

-+ 56.00

-+ 50.50

- o -+ 45.00
1 ! I 1 !

T T T T T
95.00 101.00 107.00 113.00 119.00
Grl

Cubic polynomial regression

Parametric|Simple regression|Cubic...
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Equation
Yp = 0.00162% — 0.437x2 + 37.688x — 982.634

p-value = 0.0096

prediction y, = 0.0016 - 130 — 0.437 - 130% + 37.688 - 130 — 982.634 = 46.71

Conclusion: The cubic regression is better (it has smaller p-value). The prediction from
it is y, = 46.71. However, both the predictions differ considerably. So, we would like to
try other regression - 5th order polynomial. As it is not supported by Statext, we will
continue with formulas.

The regression for cubic case is

SIMPLE CUBIC REGRESSION

zan

o

T
95.00
Grl

1
101.00

T
107.00

T
113.00

f
119.00

+ 67.

-+ 61.

-+ 956.

‘7745.

oo

50

00

-+ 50.50

oo

18.2.2 Polynomial regression of the 5-th order

As a basis for our demonstration, we will consider a general multi-regression model in
the form
yr =2t 0+ ey

where

Tt = [17 L1y L2y 73771]15 and 9 - [b07b17627' t 7b7’l]/

Remark
The product 1 - by produces a constant term of the model.

Now, for t = 1,2,--- , N we can write individual prediction models one below another
and to construct a matrix form of the model for all data

Y=X0+F
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where

Y1 I m1a 2,1 T Tpgl €1
) . Iz 2:9 R | e

Y - ) X o ) E -
YN I N To:N cee TN eN

Then for the optimal estimate 6 of the parameter 6 it holds

f=(X'x)"' XY

Derivation of the formula is very simple. The sum of prediction errors can be written as
EF'E = Zivzl e? and substituting the model we have

EE=(Y -X0) (Y -X0)=0X'X0-20X'Y +Y'Y

Le look for minimum, so we differentiate and lay the derivative equal to zero*

2X'X0-2X'Y =0 — 0= (X'X)'X'Y

that is the result which was to be proved.

Now, to our problem. In the case of 5-th order polynomial regression, the model is
yr = by + b10 + ba6? + b303 + 0% + b5 + ¢

For the measured data

x‘95 100 103 108 111 115 116 117 118 119
y‘55 50 50 53 45 60 61 67 65 66

we have

[ 55 7 T 1, 95, 952, 953, 95% 95° 1

50 1, 100, 1002, 1003, 100%, 100°

50 1, 103, 1032, 1033, 1034, 103°

53 1, 108, 1082, 1083, 108%, 108>

v — 45 X — 1, 111, 1112, 1113, 1114, 111°

60 |’ 1, 115, 1152, 1153, 1154, 115°

61 1, 116, 1162, 1163, 1164, 116°

67 1, 117, 1172, 1173, 1174, 117°

65 1,118, 1182, 1183, 1184, 118°
| 67 | | 1,119, 1192, 1193, 1194, 119° |

The result is shown in the picture

“We differentiate according to 6 which is a vector. We must preserve the rules for differentiation of
matrices.
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Polynomial §-th order regression

profit

T T T T T T T T T T T T
a4 o o8 100 102 104 106 1028 1Mo 112 114 116 118 120

year

where we immediately can see that something is wrong. The whole prediction lies below
the data points. From the estimated parameters

0= [3290679.2 — 154287.122888.85 — 27.000410.1259682 — 0.0002347]

we can see, that the regression curve will be numerically sensitive. Compare the largest
and the smallest regression coefficient. The reason can be in still relatively big values of
x. We try to transform more Zpey = Toig — 90. This gives the x values

x |5 10 13 18 21 25 26 27 28 29
Now the picture looks like this

Polynomial §-th order regression

profit

which is much more better.

The regression parameters, now, are better

0= [210.37, —64.68, 9.39,—0.62, 0.019, —0.00022]
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the approximation is not good. And the prediction is visible from the picture with
prolonged z to the value 50 (which corresponds to the year 2030)

Polynomial 5-th order regression

1000

-1000

-2 000

-3 000 -

profit

-4000 —

-5 000

-6 000 -

-7 000

T T T T T T T T
g 10 15 20 25 30 35 40 45 50

year

We can conclude: the higher order of the polynomial used in regression does not need
to lead to better quality.

The result is, that the 5-th order regression is of no use.

18.2.3 Exponential regression

When we look at the data, we can try to improve the prediction using the exponential
regression. This can be taken from Statext, however, it is a nonlinear one using the
prediction equation

Yyt = a + bo exp (b1x)
with the estimated parameters a = 43.9, by = 0.062 and by = 0.046.

the graph of the regression (with the prolonged x axis to the point prediction - year
2030) is here
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which also is not ideal. The reason is the extremely small value at he point x = 21. If
we take it as an outlier and omit it, we get

200

180

160 /
/

120
100 —
80 4

60 < ('Y e

5 10 15 20 25 30 35 40 45 50

and we can say that ow the regression is well. However, the prediction is very uncertain.
It relays on the exponential course of the data which is not fully acknowledged by the
data themselves. All in all we can state that this prediction is to long ahead to be
reliable.

In the end, we try the standard linearized exponential regression with the prediction
equation

yr = boexp (b1z) — In(y) =1In(bg) + b1z

It can be computed similarly as the 5th order polynomial regression. We construct
vector Y and matrix X

In (y1) 1z
Y — In (yQ) , X = 1 €2
In (le) 1 TN

and with the formula 6 = (X'X) ™" X'Y we get the parameters
In (bo) = 3.82 — by = 45.6 and by = 0.01
and the graph
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and this is not bad.
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After omitting the outlier [21,45] we get

80

50

704
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5 10 15 20 25 30 35 40 45

50

which is approximately the same as with it. So the solution can be considered to be

relatively stable.

The p-value is 0.031 which in comparison with the 3-th order polynomial regression
computed at the beginning of this example shows that the polynomial one is better and
so it is an absolute winner.

18.3 Examples to confidence intervals

18.3.1 Example

From a long-time monitoring, it is known, that the standard deviation of speeds of cars
going in a road with restriction to 40 km/h is 6.9 km/h. We have measured the speeds

and get the data

x = [41,45,38,43,35,37,42,61,37,40,42, 44, 38, 45, 39
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We would like to construct 0.05-confidence interval for the true speed expectation.
Solution
In the Statext the task is very simple.

We choose: Parametric|Confidence interval for the mean... and check the square at
Using z-table (as we know the variance).

We obtain
Ip.os = (38.31, 45.29)

As the speed 40 km/h is within the interval, we can say that we do not reject the
hypothesis that the cars go with this speed.

Now, for those who are interested we will show how the interval is derived.

We have the population x of speeds for which we can assume that it is normal and in
addition we assume its real standard deviation to be o = 6.9 kim/h. That is f (z,u) =

N, (u, 02).

For estimation of the expectation we choose the statistics in the form of sample average

= % sz\il x;. From the theory we know, that the sample average from normal data is
also normal with the expectation i and variance UWQ, where p and o2 are characteristics

of the population. So, f (z,u) = Nz (u, UWZ)
Now, we want to find interval Iy g5=(Ip, I7) for which it holds

P (ZZ’ S 10.05) = 0.05 (13)

Remark

According to the definition of confidence interval, which is
P (,u € 10_05) = 0.05

it could seem that what we have written is wrong. However, it is necessary to realize that
both the probabilities are equal. It can be seen from the following picture

} } } true interval around p
It U Iy
} 1st sample

T

2nd sample

SN

| 3rd sample

| another sample

last sample

er—
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Here, on the upper line we have denoted expectation p and around it some interval
I = (Ir, Iy), let it be the confidence interval. On the lines below it we denoted several
samples and their sample averages T. Around each sample average we draw the same
interval 1. Now, For the first three of them and the last one it holds that the sample
average belongs to the interval around p and also that p also belongs to the interval
around the sample average. The assertion is reciprocal. For the fourth line represents a
sample for which, again in reciprocal way, it holds that p is not form I around p and
wis not in the interval around T. So, if there are 95% of samples within the confidence
interval then th probability of p being in the interval is 0.95.

Now, for the outside of the interval (13), it can be written®

P(§:<IL):% and P(z>Iy) = =

. (14)

where we generally denoted the confidence level 0.05 by « and Iy, I'p are interval borders.

To evaluate these probabilities (without using computer) we can use tables of the nor-
malized normal distribution where we can find quantiles and critical values of the random
variable. For a-quantile it holds P (z < {4) = awhere z is normalized random variable
and (, is the quantile. For a-critical value P (z > z,) = awith z, the critical value. The

normalization is _
T —p . T—pu
z = and z = vIN
o o

where x is non-normalized random with characteristics p and o and Z is sample average

of x whose characteristics are p and \/LN If we switch to normalized variables we can
write (14) like this

P(z =2 Pz =2

(<tg) =5 P(e>2) =3

where Z is normalized sample average.

Substituting the above formulas into the argument of the probabilities we obtain

x—,u<ca and :c:,u>z% (15)
VN VN

and from it

< p and p<I-—ze

_Ci\/;

ﬂ

and because it holds (¢ = —zs it holds (for the outside of confidence interval)
5t 2al
T+ za
iUN Vw
I I
U L

SWe consider symmetrical interval in the sense that we demand so that the probability to the left
and right of the interval be one half of 0.05.
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So, the interval is

_ g _
I:xiz%\/ﬁz (x—z§

R

o o
, T+ 2
v N VN >
For our example we get

Sample average T = 41.8, 0 = 6.9 (given as known), N = 15, Ze = 20.025 = 1.96 and
Ios = (38.308, 45.292)

which is the same as form Statext.

18.4 Examples to tests of hypothesis
18.4.1 Example

From a long-time monitoring, it is known, that the standard deviation of speeds of cars
going in a road with restriction to 40 km/h is 6.9 km/h. We have measured the speeds
and get the data

x = [41,45,38,43,35,37,42, 61, 37, 40, 42, 44, 38, 45, 39

Test HO: the average speed of cars does not exceed 40 km /h.

Solution

The answer can be provided by Statext

We choose: Parametric|Test for a population mean...

Here we set SD = 6.9, HO Pop. mean is equal to 40, Ha: is greater than

and we get (for Normal distribution) pv= 0.156 which means, that H0 is not rejected.
But how we can come to this result?

The population is assumed to have normal distribution with standard deviation o = 6.9
and unknown expectation p. HO claims that the expectation is 40 km/h® so HA: the
expectation is greater than 40 km /h.

So, according to the HO (o = 40km/h) we have the distribution
f (x|HO0) = N, (40,6.9%)

However, in testing, we are nit interested of « but of p which is represented by its point
estimate p = & (sample average) for which the distribution is

_ 6.92
f (|H0) = N, <4o, 15)

bIn the example we have HO: speed is nor greater than - --. However, for HO we need to have a fixed
number as a value of the parameter. So, we set it to 4 = 40 and the formulation “is not greater---”
we use for determining of the direction of the test. With respect to HO, the hypothesis HA says the
opposite “is greater - --”, which means right-sided test.
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where 15 =N. So, if the data come from the distribution according HO, their sample
average T should mostly lie within the confidence interval. For it, we have (see the
previous Example 15)

l‘—gﬂo<<% and ZL"—G,UO
VN VN

where, now, we assume pu = g according to HO. So, we can use this formula as follows

> Za
2

where z = Z2£0 ig normalized sample average with respect to HO and we used the prop-
VN
erty (o = —z4. The above inequalities specify the area outside the confidence interval

(the probability is «). So, for Z to be within the confidence interval, it must hold

zZ e (—Zg, Zg>
27 72

The conclusion is:

If z <—z%, z%) then we admit that the sample average we have calculated from the
measured sample comes from the distribution according to HO and thus, we do not reject
that p < po.

Ifz ¢ (—z%, z%) then if HO is valid only for o x 100% samples we would get this result.
As « is very small probability we consider events with probability a as almost impossible
and that is why we reject HO, that is we say that p # pyo.

Now, to our example:

First of all we have right-sided test, so the interval will be (—o0, z,) = (—00, 1.645) for
a = 0.05.

The statistics (sample average) is & = 41.8.

The normalized statistics is

Z—po  41.8—40
o - 6.

2: == 1.01

9
VN V15
As z € (—o0, 1.645) we do not reject HO.

This is the decision about rejecting. If we would like to know more - how strongly we
reject / do not reject, we need to evaluate p-value.

P-value

The definition of p-value (for right-sided interval) is
pv =P (zZ > z|HO) (16)

What does it mean. z is normalized statistics (as random variable), z,. is realized statis-
tics (computed value of normalized statistics from measured sample) and HO in the
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condition means, that the normalization is performed using characteristics according to
HO, i.e.

=TT HUN
o
where g from HO is used.

The probability in (16) can be computed as
pv=1—F (%)

where F' is a distribution function of the distribution of the normalized statistics (here
it will be N (0,1)).

Our realized statistics is zZ, = 1.01 (see above) and using a computer or from tables we
have
pv = 0.156

which is the same result as from Statext.
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19

19.1

Ll

o

Questions for knowledge validation

Variables and data
What is a data file?
Explain the ways of storing data in a plain form and as values and frequencies.
Having data 8 6 28 9 7 5 4 - determine their ranks.

Which characteristic of data file express their level and which ones describe their
variability?

Determine median of the data file246 1739 .

. Compute average and variance of data file 3.15 2.22 10.45 3.57 1.58 6.9 5.13 -0.75

2.24 6.58 4.65 6.52 3.79 4.95 1.87 3.87 4.22 3.68 6.3 3.64 7
What is the mode of data file 2546424262226 427

. What is the difference between general bar graph and histogram?

19.2 Probability and random variable

10.

11.
12.

i B A o

What is random experiment?

What is an event?

What data produces the experiment of flipping a coin?

What data produces random variable describing the experiment of flipping a coin?
Which are the three important properties of the probability?

Define classical definition of probability.

Define statistical definition of probability.

What is the major difference between classical and statistical definition of proba-
bility.

After ten flips of coin we obtained 3 heads and 7 tails. We concluded that the
probability of head is 0.3. Which definition of probability we have used?

We inspected a coin and concluded that it is not damaged. So we determined the
probability of head is 0.5. Which definition of probability we have used?

What is the definition of conditional probability?

Consider an experiment of tossing a dice. What is the probability of even number
if we know, that the number that really fell is less than 4.
Hint: Choose only from those that could have fallen.
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13.

14.

15.

Consider an experiment of drawing colored balls from a box. The drawn ball is
not returned back. Are the draws independent?
Hint: Is the probability of drawing specified color all the same during the draws?

We have an experiment of flipping two coins. The results are: “both heads”, “both
tails” and “different sides”. Are the probabilities of these result equal?

A natural definition of independence x and y is P (z|y) = P (z) - the knowledge
of y does not influence the probability of z. Using the definition of conditional
probability, derive the formula f (z,y) = f (x) f (y).

19.3 Description of random variable and vector

e e o e
= W N = O

15.

16.

17.
18.
19.
20.
21.

© %0 N> e W=

What is the difference between random experiment and random variable.

What types of random variable do you know?

Can random variable have negative values?

What is the merit of random vector in comparison with random variable?

What are realizations of a random vector?

Define distribution function.

What are the basic properties of a distribution function?

Determine the probability P (a,b), b > a using the distribution function.

What is the probability P (X = 5) for a continuous random variable X equal to?

. Is any distribution a continuous function?

. Define probability function of discrete random variable.

. Define density function of continuous random variable.

. What are the basic properties of any probability or density function.

. What assertion is correct: all values of any probability function are (i) non-zero,

(ii) positive, (ii7) non-negative.

What assertion is correct: all values of any density function are (i) non-zero, (i7)
positive, (i4i) non-negative.

How the probability P (a,b), b > a can be computed using probability or density
function?

What is the definition of expectation for discrete random variable?
What is the definition of expectation for continuous random variable?
Define a-quantile and a-critical value of continuous random variable.
How can you find median of continuous random variable.

How can you find mode of continuous random variable.
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

We have a function y = kz. Determine the constant k so that this function would
be a density function of the interval x € (0, 5).

The probability function of random variable X is given by the table

x |1 2 3 3 5
f(@)[02 01 03 02 0.2

Determine the distribution function.

Write the probability functions describing the experiments (7) “flipping a fair coin”
and (i7) “Hipping some unfair coin”.

The random variable X describes the following experiment “time of waiting for a
bus with an interval 5 min if your coming to the bus station is random”. Write
the density and distribution functions of this random variable.

We have two random variables X and Y with probability functions f (z) =2 —2x
and f(y) = 2y, both on z € (0, 1) and zero otherwise. Write the joint density
function f (z,y).

A random vector [X, Y] has joint density function

f(z,y) =kexp (:U2 + 2y2)
for x,y € (—o0, 00). k in a normalization constant. Are these random variables
independent?

A random vector [X, Y] has joint density function f(x,y) =1 on z € (0, 1) and
y € (0, 1) . Determine the probability P ([X,Y] € (0, 0.1) x (0, .2)).

A random vector [X, Y] has joint probability function given by the table

x/y ‘ 1 2 3
1 0.1 0.05 0.3
2 1035 0.1 k

Determine the value of k.
A random vector [X, Y] has joint probability function given by the table

x/y‘ 1 2 3
1 102 01 0.1

2 0.3 01 0.2
Determine the marginal f (y) and the conditional f (z|y).

A random variable X has probability function f (z) = p* (1 — p)lfx ,x=0,1and

pe(0,1).
a) What is the probability that in the next sampled value of X will be 17
b) What is the expected number of results x = 1 in 100 experiments?
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19.4 TImportant distributions

1.
2.
3.

10.
11.

What is the definition of Bernoulli distribution?
What is the meaning of the parameter p in Bernoulli distribution?

The probability that a newborn will be a boy is 0.52. What is the probability that
in a family with 5 children there will be 2 boys and three girls?

. Describe the experiment connected with a binomial random variable.

. For several years we have measured accidents in five points of a large traffic region.

The results were

point of measurement ‘ 1 2 3 4 5)
numb. of accidents | 38 147 51 223 197

On the basis of the measured data determine the probability function describing
these accidents.

. We are flipping a fair coin. What is the probability, that the “head” appears at

the third flip for the first time.

One percent of bits transmitted through a digital transmission are received in
error. Bits are transmitted until the first error. Let X denote the number of bits
transmitted until the first error. What distribution describes random variable X7

. Compare the supports of Normal distributions N (0,1) and N (10, 3), where the

denotation is N (u, 02) .

A fixed distance 10 meters is repeatedly measured. We define two random variables
X - the value of the measurement and Y - the error of measurement from the true
value. What is the distribution of these random variable and what they differ in?

What are the main assumptions of a uniform distribution.

We have a random variable with uniform distribution on the interval (3, 9). What
is the probability that a realization of X will be within the interval (5, 7).

19.5 Regression analysis

1.

2.

3.

Write regression line constructed only for two measured points: x; = [1,1], z9 =
[2,5]. What will be the correlation coefficient?

The regression line is computed for three data points
T = [1,2} , Lo = [2,2] , L3 = [3,5]

Compute the criterion as a sum of squares of residuals.

We investigate a profit (y) in dependence on invested money (x). We obtained
linear regression y = 0.21x — 100. What will be the profit if we invest 5000 (K¢&)?
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. We investigate a profit (y) in dependence on invested money (x). We obtained

linear regression y = 0.21z — 100. How much we need to invest to have the profit
equal to 1000 (K¢)?

. We have exponential regression y = by exp (byz). Perform its linearization.

. Write a quadratic and cubic regression curves.

The polynomial regression has coefficients bg = 2.1, by = 0.6, bo=1.2 and b3 = 0.1.
Write the value of the prediction at z = 2.

19.6 Population and data sample

A e

What are the differences between population and random sample?
What is the difference between random sample and sample realization?
Is an average of random sample a number or random variable?

Is an average of sample realization a number or random variable?

We measure speeds of passing cars. What is the population, what random sample
and what sample realization?

We throw ten times a dice. What is the population, what random sample and
what sample realization?

We monitor speeds of cars on a certain point of a motorway. We assume that the
speeds are normally distributed with the variance 5.83. What parameter we need
to estimate?

. What is the difference between parameter and its point estimate?
. What is the statistics in stochastic estimation?

10.
11.
12.
13.
14.
15.

What are the most important characteristics of random sample?

What are the expectation and variance of sample average equal to?

What is the meaning of the formula expressing the expectation of sample average?
What is the meaning of the formula expressing the variance of sample average?
Which properties has the sample average.

When comparing efficiency of two sample averages with different lengths of sample,
which one would be better (has higher efficiency)?

19.7 Statistical inference

1.
2.
3.

What statistics is suitable for estimation of expectation?
What statistics is suitable for estimation of variance?

What statistics is suitable for estimation of proportion?
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8.

9.
10.
11.
12.
13.
14.

. What statistics is suitable for testing of independence?

. A sample of the length n is taken from normal population with expectation p and

variance o2. What is the distribution of sample average?

. We have a population f(x). We want to compute a confidence interval for its

unknown parameter . We chose the statistics & (sample average). Which distri-
bution is used: f(x) or f (z)?

What is the difference between both-sided, left-sided and right-sided interval?
What are zero and alternative hypotheses?

What are region of acceptance and critical region?

What is realized statistics 7,7

Explain the difference between both-sided, left-sided and right-sided test.

What is the connection between confidence interval and test of hypothesis.

What is the conclusion of a test if the realized statistics lies in the critical region?

What is the conclusion of a test if the p-value is smaller then the confidence level?

19.8 Important tests

© 0 N> O W D=

What is the difference between parametric and nonparametric test.
Which are the parametric tests with one sample?

Which are the parametric tests with two samples?

Which are the parametric tests with more samples?

Which are the nonparametric tests with one sample?

Which are the nonparametric tests with two samples?

Which are the nonparametric tests with more samples?

Which samples of independence do you know?

Which are the tests of a distribution?

11.9 Validation in regression analysis

. How can you evaluate the quality of regression analysis according to the zy-graph?
. What is the statistics for Pearson t-test?
. Is a regression analysis suitable if the p-value of the Pearson test is very small?

1
2
3
4.
)
6

Is a regression analysis suitable if the p-value of the F-test is very small?

. Is a regression analysis suitable if the sum of squares of residuals is very small?

. Should residuals be independent or dependent?
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12

Answers to the questions

Please, try to answer the questions first of all on the basis of the textbook.
These answers should only acknowledge your answers if you think they are
correct.

12.1
1.

e

Variables and data

Data file is a set of measured data.

. Plain form stores data in the order how they are measured. Alternative way is to

store only different values and the numbers of their occurrence.

. The ranks are 6.5, 4, 1, 6.5, 8, 5, 3, 2. For the same values, the average of their

order is taken.

Level of data is given by expectation, mode or median, variability corresponds to
variance, standard deviation.

Median is 4.
Average is 4.228, variance 5.80748.
Mode is 2.

General graph indicates values, histogram frequencies.

12.2 Probability and random variable

1.

It is any action leading to some of correctly defined result. Repeating the action
leads accidentally to different results.

. Event is a set of results. It can be also specified verbally. E.g. at a dice, we can

say “even number” and it determines the set {2, 4, 6}.

. They are “Head” and “Tail”.
. They are usually 0 and 1. They also can be 1 and 2 or any other two numbers.

. They are that probability is (i) non-negative (P (A) > 0) , (ii) less or equal to

1 (P(A) < 1), (i#i) o-additive (for events A, B such that AN B = ( it holds
P(AUB)=P(A)+ P(B).

. P =" where m is number of all possible positive results and n is number of all
possible results.

P= %, where M is number of all performed positive results and N is number of

all performed results.
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12.

13.

14.
15.

. Classical definition takes into account possible results while statistical one speaks

about performed results. The former is theoretical and its result is constant, the
latter practical and its results a bit vary with a specific setof experiments.

. Here we have used the statistical definition.
10.
11.

This relates to the classical definition.

It is denoted P (A|B) and it is computed plainly as a probability of A but on the
set of results which meet the condition. With a dice P (even| < 5) is a probability
of even on a set {1,2,3,4} which is 2/4 = 0.5.
The definition is P(A.B)

P(AIB) = ——>"7
A ="even” = (2,4,6), B=" <4” ={1,2,3}. The set B has 3 elements, one of
them is even: P =1/3.

They are not independent as the probability depends on which ball was previously
drown.

They are not. “different sides” has twice much possibilities.

P (z|ly) = P(x,y) /P (y) = P (x). Multiplication by P (y) gives the result.
def..

12.3 Description of random variable and vector

1.

=~

© © N o

10.
11.
12.

Random variable corresponds to random variable. However, values of random
variable (which correspond to results of experiment) must be numeric. If results
are not numeric (red, yellow, green), we must assign them numbers (e.g. 1,2,3).

. Discrete and continuous.

. Yes, it can.

There are two things: (i) common treatment of several random variables, (ii)
mutual connection between random variables.

They are vectors of numbers.

Fx (z) = P(X <), X is random variable, x is a number.

Zero for x — —o0, one for x — oo and non-decreasing on the whole support.
P(z € (a,b))=F(b)— F (a).

Probability of each single number is zero for continuous random variable.

No, discrete ones are only piece-wise continuous.

It is a discrete function with values equal to individual values of random variable.

It is a derivative of the distribution function.
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13.
14.
15.
16.
17.
18.

19.
20.
21.

22.
23.

24.

25.

26.
27.
28.
29.
30.

31.

Non-negative values and sum (integral) equal to one.
(4i7) is correct.

(4i7) is correct.

P(a,b) = [0 f (x)dx

EX] =3 exvif (x:)

E[X]= f_ooooxf (z) dx

ff‘;of(a:) dr = a, f;jf(a:) dr = «

Median 7 : [*__ f(z) = 0.5.

Mode & = argmax (f (x))

k = 1 (integral of f (z) must be 1)

Distribution function is a cumulative sum of f ()

. B 05 forz=0 . B 1—p forz=0
<z>f<x>—{0_5 fmzl,m)f(x)—{

P forx=1

The density function is a constant % from z = 0 to x = 5. The distribution
function is: zero on z € (—00,0), F (z) =  for x (0,5) and one for z € (0,00).

Joint is a product (they are independent).

Yes, they are. f(x,y) = kexp (332) exp (2y2) =f(z)f(y).

P =0.1-0.2=0.02. It is the volume of a prism with edges 0.1, 0.2 and 1.
k =1 — sum(oftherest) = 0.1

Marginal (sum over columns) 0.5, 0.2, 0.3; Conditional (joint columns divided by
1

NI NI
wlnowe|

2
marginal) 3
5

fx=1)=p'(1 —p)k1 = p; Expected number is p x 100 (p in one experiment,
p x 100 in 100 experiments).

12.4 Important distributions

1.

2.
3.
4.

Random variable with two outcomes 0 and 1, where 1 has probability p (that is
constant). E.g. Selection of a product hat can be either good (1) or defective (0),
if p x 100% of products is good.

p is a probability of the result z = 1.
Binomial distribution f (z = 2) = (3)0.5220.48°~2 = 0.299.

We consider a Bernoulli trial with P (x = 1) = p. We perform n experiments a
want to know with probability k of them will be 1. !! p must stay constant during
the experiments) !!
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© » N>

10.

1

—

It is he same table where the second row is divided by the sum of all its entries.
0.058, 0.224, 0.078, 0.340, 0.300.

Geometrical distribution f (z = 3) = 0.5- (1 — 0.5)% = 0.125.

It is the geometrical distribution with p = 0.01.

They are both the same (—o0, 00).

f(x)=N (10, 02) , fy)=N (0, 02) where o2 is the variance of measurements.

For X ~ U (a,b) it holds a) all values in the range (a,b) are equally probable and
b) all values outside this interval are impossible.

. f(x)on (3,9) is %. So, P(z € (5,7)) = %(7— 5) :%.

12.5 Regression analysis

1.
2.

S N

y = 4z — 3 (line going through the points); r = 0 (residuals are zero)

The regression line is (use Statext) y = 1.5x. The residuals -0.5, 1, -0.5 (= ---y —
yp, where yp is prediction - value on the line). Sum of squares is 0.25+ 1+ 0.25 =
1.5.

It will be 0.21 - 5000 — 100 = 950.

It i the solution of he equation 1000 = 0.21x — 100; = = 4285.7.
In(y) =1n(by) + bz

Quadratic: y = by + byx + box?; cubic: y=by+ bz + by + byxs.
Itisy=21+06-2+12-224+0.1-23=8.9.

12.6 Population and data sample

1.

Very roughly: population is big and constant, sample is relatively small and it
changes when taking a new one.

. Random sample is a vector of equally distributed and independent random vari-

ables and sample realization is a vector on measured numbers.

. It is random variable (average of realization of sample is a number).
. It is a number.

. Population are speeds of all cars in the world. Random sample are speeds of a given

number of cars that will potentially be measured (it is a definition of experiment
- measure speeds of n cars), sample realization are really measured speeds.

. Population are numbers {1,2,3,4,5,6} with equal probabilities. Random sample

is a vector of 10 entries - each entry is prepared for a value obtained on the thrown
dice. Sample realization is a vector with numbers that really were obtained on the
dice.

98



10.

11.

12.

13.

14.

15.

Expectation is not mentioned so it must be estimated.

. Parameter is an unknown constant, estimate is a number computed from measured

data that is close to the true value of the parameter.

. Statistics is a function of random sample which when a sample realization is in-

serted gives a value near the estimated value of the parameter.

They are sample average and sample variance.
2

E[X]:,uandD[X]:U—

n
It says that if we take very many sample realizations, from each we compute sample
average and then we take average from these averages we get practically precise
value of the population expectation.

It expresses the fact that the larger the sample is the higher is the precision of the
sample average as an estimate of the expectation.

It is unbiased, consistent and the larger is the sample length the higher is its
efficiency.

The one which is computed from larger sample.

12.7 Statistical inference

A B

10.
11.

12.
13.
14.

It is the sample average.
It is the sample variance.
It is the sample proportion.
It is the correlation coefficient.
It is normal with expectation p and variance %2
For computation of confidence interval we must use distribution of the statistics
f(z).
o

For both-sided interval we use § on both sides; for left-sided respectively right-

sided interval we use a on the left respectively right side.

. Zero HO is currently valid, alternative HA rejects HO.

. Region of acceptance is equal to the confidence interval, critical region is its com-

plement.
T; is the value of the statistics with the inserted sample realization.

HA for both-sided test says “is not equal to”; for left sided it says “is less than”
and for right-sided “is greater than”.

Confidence interval is equal to the region of acceptance.
We reject HO.
We reject HO.
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12.8 Validation in regression analysis
1. The closer the data points are to the regression curve, the better is the regression.
2. It tests if x and y are uncorrelated. If yes, the regression is not possible.

3. Yes, it is. (x and y are not uncorrelated)

4. Yes, it is.

5. Yes, it is.

6. Yes, they should.
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